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Case Intensional Logic (CIL) is a system of logic that allows reasoning with modality, quantification, 
description, and abstraction in a uniform and intuitive way. 

CIL handles modality by conceiving of a set of elementary cases (which may be possible worlds, times, 
system configurations, etc.). Every expression in the language has an extension in every case, and an 
intension, which is its pattern of extensions across cases. Accordingly, variables range over intensions, 
and predicate and function evaluation may depend on the intension of an expression, not only its 
extension. Simple equality is case-relative, and is the equality of extensions. Existence in a case is 
expressed by a predicate, and the logic allows expressions with non-existent or undefined reference. 

CIL is higher-order, and allows abstraction not only over variables of individual type, but also over 
predicates, functions, and even propositions. 

The content in this document relies heavily on the following works: 

CIFOL: Case-Intensional First Order Logic, Belnap and Müller (2014) 

BH-CIFOL: Case-Intensional First Order Logic: Branching Histories, Belnap and Müller (2014) 

Internalizing Case-Relative Truth in CIFOL+, Belnap (2014) 

A general interpreted modal calculus, Bressan (1972) 

The seven virtues of simple type theory, Farmer (2008) 

Anyone interested in these subjects should read the CIFOL papers by Belnap and Muller and the STT 
paper by Farmer. 
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Fundamental Syntax 
The sentences of the formal language CIL are constructed from expressions of different types. Sentences 
are themselves expressions of type ∗, the proposition type. The types of expressions in the language are 
defined inductively from a set of individual types in the following way. 

Types: 
1. Proposition type: the proposition type ∗ is a type. 
2. Individual types: if 𝜏𝜏 is an individual type, 𝜏𝜏 is a type. 
3. Function types: if 𝛼𝛼 and 𝛽𝛽 are types, the function type (𝛼𝛼 → 𝛽𝛽) is a type. 

The brackets around the function type may be dropped if there is no possibility of confusion. Define 
chains for the function type constructor so that  𝛼𝛼 → 𝛽𝛽 → ⋯ → 𝛾𝛾 is read as 𝛼𝛼 → (𝛽𝛽 → ⋯ → 𝛾𝛾). A 
function type of the form 𝜏𝜏 → ∗ is also called a predicate type. 

The valid expressions in the language are defined inductively from a set of constants and a set of 
variables. Each constant has a fixed type, and each variable must be assigned a type as it is used. The 
following rules define the fundamental expressions of the language, along with their constituent 
variables and sub-expressions. An expression is called closed if it has no free variables, and open if it has 
free variables. 

Expressions: 
1. Constants: if 𝑐𝑐 is a constant with designated type 𝜏𝜏, then 𝑐𝑐 is an expression of type 𝜏𝜏. 

a. 𝑐𝑐 has no free or bound variables. 
b. 𝑐𝑐 has only itself as a sub-expression. 

2. Variables: if 𝑥𝑥 is a variable with designated type 𝜏𝜏, then 𝑥𝑥 is an expression of type 𝜏𝜏. 
a. 𝑥𝑥 has only itself as a free variable, and no bound variables. 
b. 𝑥𝑥 has only itself as a sub-expression. 

3. Function application: if 𝜓𝜓 is an expression of type 𝛼𝛼 and 𝜒𝜒 is an expression of type 𝛼𝛼 → 𝛽𝛽, and 
there is no overlap between the free variables of 𝜓𝜓 and bound variables of 𝜒𝜒 or vice versa, then 
the function application (𝜒𝜒@𝜓𝜓) is an expression of type 𝛽𝛽. 

a. (𝜒𝜒@𝜓𝜓) has the free variables and bound variables of both 𝜓𝜓 and 𝜒𝜒. 
b. (𝜒𝜒@𝜓𝜓) has itself and the sub-expressions of 𝜒𝜒 and 𝜓𝜓 as sub-expressions. 

4. Function abstraction: if 𝑥𝑥 is a variable of type 𝛼𝛼 and 𝜉𝜉 is an expression of type 𝛽𝛽, and 𝑥𝑥 is not a 
bound variable of 𝜉𝜉, then the function abstraction (𝜆𝜆𝑥𝑥. 𝜉𝜉) is an expression of type 𝛼𝛼 → 𝛽𝛽. 

a. (𝜆𝜆𝑥𝑥. 𝜉𝜉) has the free variables of 𝜉𝜉 except for 𝑥𝑥. 
b. (𝜆𝜆𝑥𝑥. 𝜉𝜉) has 𝑥𝑥 as a bound variable, as well as the bound variables of 𝜉𝜉. 
c. (𝜆𝜆𝑥𝑥. 𝜉𝜉) has itself and the sub-expressions of 𝜉𝜉 as sub-expressions. 

Brackets may again be dropped if there is no possibility of confusion. Chains of function applications are 
defined so that 𝜒𝜒@⋯@𝜓𝜓@𝜂𝜂 is read as (𝜒𝜒@⋯@𝜓𝜓)@𝜂𝜂. 

If 𝑥𝑥 is a variable which is not a bound variable of an expression 𝜂𝜂, and 𝜙𝜙 is an expression of the same 
type as 𝑥𝑥, we say that 𝜙𝜙 is free for 𝑥𝑥 in 𝜂𝜂 provided that no subexpression of 𝜂𝜂 is of the form (𝜆𝜆𝜆𝜆. 𝜉𝜉) 
where 𝑥𝑥 is a free variable of 𝜉𝜉 and 𝜆𝜆 is a variable of 𝜙𝜙. 

When 𝜙𝜙 is free for 𝑥𝑥 in 𝜂𝜂, the substitution 𝜂𝜂[𝜙𝜙 𝑥𝑥⁄ ] of 𝜙𝜙 for 𝑥𝑥 in 𝜂𝜂 is permitted, which is the result of 
replacing every occurrence of 𝑥𝑥 in 𝜂𝜂 with 𝜙𝜙. It may be precisely defined as follows. 



Substitution: 
1. 𝑥𝑥[𝜙𝜙 𝑥𝑥⁄ ] is 𝜙𝜙. 
2. 𝜆𝜆[𝜙𝜙 𝑥𝑥⁄ ] is 𝜆𝜆, where 𝜆𝜆 is a constant or a variable distinct from 𝑥𝑥. 
3. (𝜒𝜒@𝜓𝜓)[𝜙𝜙 𝑥𝑥⁄ ] is (𝜒𝜒[𝜙𝜙 𝑥𝑥⁄ ]@𝜓𝜓[𝜙𝜙 𝑥𝑥⁄ ]). 
4. (𝜆𝜆𝜆𝜆. 𝜉𝜉)[𝜙𝜙 𝑥𝑥⁄ ] is (𝜆𝜆𝜆𝜆. 𝜉𝜉[𝜙𝜙 𝑥𝑥⁄ ]). 

In the last clause, 𝜆𝜆 is always distinct from 𝑥𝑥 by the condition that 𝑥𝑥 is not bound in 𝜂𝜂. After substitution: 

a. 𝜂𝜂[𝜙𝜙 𝑥𝑥⁄ ] has the free variables of 𝜂𝜂 except for 𝑥𝑥, as well as the free variables of 𝜙𝜙. 
b. 𝜂𝜂[𝜙𝜙 𝑥𝑥⁄ ] has the bound variables of 𝜂𝜂 and 𝜙𝜙. 
c. Wherever 𝜂𝜂 has the sub-expression 𝜉𝜉 (and its sub-expressions), 𝜂𝜂[𝜙𝜙 𝑥𝑥⁄ ] has the sub-expression 

𝜉𝜉[𝜙𝜙 𝑥𝑥⁄ ] (and its sub-expressions, including the sub-expressions of 𝜙𝜙). 

Finally, a bound variable may be renamed through alpha conversion without changing the evaluation of 
the expression; two expressions which are alpha equivalent (i.e., one may be transformed into the other 
by alpha conversion) may be treated as the same. 

Alpha conversion: a sub-expression (𝜆𝜆𝑥𝑥. 𝜉𝜉) of 𝜂𝜂 may be converted to (𝜆𝜆𝜆𝜆. 𝜉𝜉[𝜆𝜆 𝑥𝑥⁄ ]) provided that 𝜆𝜆 is 
neither a free variable of 𝜂𝜂 nor a bound variable of 𝜉𝜉. 

The fundamental logical constants of CIL are those which are included in the language by default. A 
specific theory cast in CIL may define further constants, as well as the set of individual types. 

Constant Type Description 
AND ∗ → ∗ → ∗ Conjunction 
NOT ∗ → ∗ Negation 
NEC ∗ → ∗ Necessity 
ALL𝜏𝜏 (𝜏𝜏 → ∗) → ∗ Universal quantifier (for each type 𝜏𝜏) 
EQ𝜏𝜏 𝜏𝜏 → 𝜏𝜏 → ∗ Equality (for each individual type 𝜏𝜏) 

DEF𝜏𝜏 (𝜏𝜏 → ∗) → 𝜏𝜏 Definite descriptor (for each type 𝜏𝜏 except ∗) 
INDEF𝜏𝜏 (𝜏𝜏 → ∗) → 𝜏𝜏 Indefinite descriptor (for each type 𝜏𝜏 except ∗) 
⊤ and ⊥ ∗ Tautology and Absurdity 
⊥𝜏𝜏 𝜏𝜏 Null value (for each individual type 𝜏𝜏) 

Some additional logical “constants” may be defined in terms of the fundamental ones. These are the 
operators for disjunction, material implication and equivalence, possibility, the existential quantifier, 
equality for predicate and function types, and the null values for predicate and function types. 

Constant Type Definition 
OR ∗ → ∗ → ∗ 𝜆𝜆𝜙𝜙. 𝜆𝜆𝜓𝜓. NOT@�AND@(NOT@𝜙𝜙)@(NOT@𝜓𝜓)� 

IMPL ∗ → ∗ → ∗ 𝜆𝜆𝜙𝜙. 𝜆𝜆𝜓𝜓. OR@(NOT@𝜙𝜙)@𝜓𝜓 
IFF ∗ → ∗ → ∗ 𝜆𝜆𝜙𝜙. 𝜆𝜆𝜓𝜓. AND@(IMPL@𝜙𝜙@𝜓𝜓)@(IMPL@𝜓𝜓@𝜙𝜙) 
POS ∗ → ∗ 𝜆𝜆𝜙𝜙. NOT@�NEC@(NOT@𝜙𝜙)� 

SOME𝜏𝜏 (𝜏𝜏 → ∗) → ∗ 𝜆𝜆𝜆𝜆. NOT@�ALL𝜏𝜏@𝜆𝜆𝑥𝑥. NOT@(𝜆𝜆@𝑥𝑥)� 
EQ𝜏𝜏→∗ (𝜏𝜏 → ∗) → (𝜏𝜏 → ∗) → ∗ 𝜆𝜆𝜆𝜆. 𝜆𝜆𝜆𝜆. ALL𝜏𝜏@𝜆𝜆𝑥𝑥. IFF@(𝜆𝜆@𝑥𝑥)@(𝜆𝜆@𝑥𝑥) 
EQ𝛼𝛼→𝛽𝛽 (𝛼𝛼 → 𝛽𝛽) → (𝛼𝛼 → 𝛽𝛽) → ∗ 𝜆𝜆𝜆𝜆. 𝜆𝜆𝜆𝜆. ALL𝛼𝛼@𝜆𝜆𝑥𝑥. EQ𝛽𝛽@(𝜆𝜆@𝑥𝑥)@(𝜆𝜆@𝑥𝑥) 
⊥𝜏𝜏→∗ 𝜏𝜏 → ∗ 𝜆𝜆𝑥𝑥.⊥ 
⊥𝛼𝛼→𝛽𝛽 𝛼𝛼 → 𝛽𝛽 𝜆𝜆𝑥𝑥.⊥𝛽𝛽 



Fundamental Semantics 
A model ℳ = (Γ,𝒟𝒟,𝒞𝒞) of case-intensional logic consists of: 

1. A set Γ of elementary cases. 
2. A set 𝒟𝒟 of case-relative extensional domains 𝐷𝐷𝜏𝜏,𝛾𝛾 for every type 𝜏𝜏 of expressions in the language 

and every case 𝛾𝛾 ∈ Γ. The total domain 𝐷𝐷𝜏𝜏 for each type is the union of 𝐷𝐷𝜏𝜏,𝛾𝛾 over the cases. 
3. A function 𝒞𝒞 which assigns an intension to every constant of the language. 

A model ℳ may be further paired with a function 𝛿𝛿 ∈ Δ which assigns an intension to every variable in 
the language (respecting the types assigned to the variables in use). Given a model ℳ and a variable 
assignment 𝛿𝛿, every expression 𝜉𝜉 has an extension in each elementary case 𝛾𝛾: 

𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(𝜉𝜉) = 𝑖𝑖𝑖𝑖𝑒𝑒𝑀𝑀,𝛿𝛿(𝜉𝜉)(𝛾𝛾) ∈ 𝐷𝐷𝜏𝜏,𝛾𝛾 

And an intension, which is its pattern of extensions across all elementary cases: 

𝑖𝑖𝑖𝑖𝑒𝑒𝑀𝑀,𝛿𝛿(𝜉𝜉) = 𝜆𝜆[𝛾𝛾 ∈ Γ]. 𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(𝜉𝜉) ∈ Γ ↦ 𝐷𝐷𝜏𝜏 

Where Γ ↦ 𝐷𝐷𝜏𝜏, the set of intensions for type 𝜏𝜏, is the subset of functions Γ → 𝐷𝐷𝜏𝜏 obeying the restriction 
to the case-relative domains. Given the extensional domains for the individual types, the domains for 
the other types may be defined as follows: 

1. Proposition type: the set of truth values is 𝐷𝐷∗ = 𝐷𝐷∗,𝛾𝛾 = {⊤,⊥}. 
2. Individual type: each individual type 𝜏𝜏 has case-relative domain of extensions 𝐷𝐷𝜏𝜏,𝛾𝛾. 

a. 𝐷𝐷𝜏𝜏 is the union of all the 𝐷𝐷𝜏𝜏,𝛾𝛾. 
b. Each of these 𝐷𝐷𝜏𝜏,𝛾𝛾 contains at least the null value ⊥𝜏𝜏. 

3. Function type: each function type 𝛼𝛼 → 𝛽𝛽 has case-relative domain of extensions defined by the 
set 𝐷𝐷𝛼𝛼→𝛽𝛽,𝛾𝛾 = (Γ ↦ 𝐷𝐷𝛼𝛼) → 𝐷𝐷𝛽𝛽,𝛾𝛾. 

a. 𝐷𝐷𝛼𝛼→𝛽𝛽 is the union of all the 𝐷𝐷𝛼𝛼→𝛽𝛽,𝛾𝛾; it is a subset of (Γ ↦ 𝐷𝐷𝛼𝛼) → 𝐷𝐷𝛽𝛽 . 
b. ⊥𝛼𝛼→𝛽𝛽 is the function which returns ⊥𝛽𝛽 on all inputs (where we take ⊥∗=⊥). 

For a standard semantic model, which allows CIL the full power of higher-order logic, 𝐷𝐷𝛼𝛼→𝛽𝛽,𝛾𝛾 is the set 
of all functions (Γ ↦ 𝐷𝐷𝛼𝛼) → 𝐷𝐷𝛽𝛽,𝛾𝛾  as noted above. For a generalized semantic model, which brings CIL 
within the scope of first-order logic, 𝐷𝐷𝛼𝛼→𝛽𝛽,𝛾𝛾 need only be some subset of those functional domains. 

If 𝛿𝛿 is a variable assignment, 𝑥𝑥 a variable of type 𝜏𝜏, and �̅�𝑥 ∈ Γ ↦ 𝐷𝐷𝜏𝜏 an intension of type 𝜏𝜏, then the 
assignment-shift 𝛿𝛿[�̅�𝑥 𝑥𝑥⁄ ] is the variable assignment such that 𝛿𝛿[�̅�𝑥 𝑥𝑥⁄ ](𝑥𝑥) = �̅�𝑥 and 𝛿𝛿[�̅�𝑥 𝑥𝑥⁄ ](𝜆𝜆) = 𝛿𝛿(𝜆𝜆) for 
any variable 𝜆𝜆 distinct from 𝑥𝑥. 

Now given ℳ and 𝛿𝛿 the evaluation of any expression in the language may be defined: 

1. Constants: if 𝑐𝑐 is a constant with designated type 𝜏𝜏, 𝑖𝑖𝑖𝑖𝑒𝑒𝑀𝑀,𝛿𝛿(𝑐𝑐) = 𝒞𝒞(𝑐𝑐) ∈ Γ ↦ 𝐷𝐷𝜏𝜏. 
2. Variables: if 𝑥𝑥 is a variable with designated type 𝜏𝜏, 𝑖𝑖𝑖𝑖𝑒𝑒𝑀𝑀,𝛿𝛿(𝑥𝑥) = 𝛿𝛿(𝑥𝑥) ∈ Γ ↦ 𝐷𝐷𝜏𝜏. 
3. Function application: for a function application, 𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(𝜒𝜒@𝜓𝜓) = 𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(𝜒𝜒)@𝑖𝑖𝑖𝑖𝑒𝑒𝑀𝑀,𝛿𝛿(𝜓𝜓), 

which is the result of applying the extension of 𝜒𝜒 to the intension of 𝜓𝜓. 
4. Function abstraction: for a function abstraction with bound variable of type 𝜏𝜏, the extension is 

𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(𝜆𝜆𝑥𝑥. 𝜉𝜉) = 𝜆𝜆[�̅�𝑥 ∈ Γ ↦ 𝐷𝐷𝜏𝜏]. 𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿[�̅�𝑥 𝑥𝑥⁄ ],𝛾𝛾(𝜉𝜉), which is the function that results in the 
extension of 𝜉𝜉 when the intension of the variable 𝑥𝑥 is set to the input. 



It should be provable that these rules conform to the essential substitution property: 

𝑖𝑖𝑖𝑖𝑒𝑒𝑀𝑀,𝛿𝛿(𝜂𝜂[𝜙𝜙 𝑥𝑥⁄ ]) = 𝑖𝑖𝑖𝑖𝑒𝑒𝑀𝑀,𝛿𝛿�𝑖𝑖𝑖𝑖𝑖𝑖𝑀𝑀,𝛿𝛿(𝜙𝜙) 𝑥𝑥⁄ �(𝜂𝜂) 

And the vacuous assignment property: if 𝑥𝑥 is not a free variable of 𝜉𝜉, then for all intensions �̅�𝑥: 

𝑖𝑖𝑖𝑖𝑒𝑒𝑀𝑀,𝛿𝛿(𝜉𝜉) = 𝑖𝑖𝑖𝑖𝑒𝑒𝑀𝑀,𝛿𝛿[�̅�𝑥 𝑥𝑥⁄ ](𝜉𝜉) 

Together ensuring that variables and syntactic substitution behave as required. 

Assignments to the Logical Constants 
The fundamental logical constants must be assigned the following values by 𝒞𝒞: 

The extensions of AND and NOT in case 𝛾𝛾 are the functions that perform the corresponding logical 
operations on the extensions of the inputs in 𝛾𝛾. 

𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(AND) = 𝜆𝜆[𝜙𝜙�,𝜓𝜓� ∈ Γ ↦ 𝐷𝐷∗]. (⊤ if 𝜙𝜙�(𝛾𝛾) = 𝜓𝜓�(𝛾𝛾) = ⊤ , else ⊥) 

𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(NOT) = 𝜆𝜆[𝜙𝜙� ∈ Γ ↦ 𝐷𝐷∗]. (⊤ if 𝜙𝜙�(𝛾𝛾) = ⊥ , else ⊥) 

The extension of NEC is the function that returns true iff the extension of the input is true in every case. 

𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(NEC) = 𝜆𝜆[𝜙𝜙� ∈ Γ ↦ 𝐷𝐷∗]. (⊤ if ∀[𝛾𝛾′ ∈ Γ].𝜙𝜙�(𝛾𝛾′) = ⊤ , else ⊥) 

The extension of ALL𝜏𝜏 in case 𝛾𝛾 is the function that returns true iff the extension of its input in 𝛾𝛾 returns 
true for all its inputs. 

𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(ALL𝜏𝜏) = 𝜆𝜆[𝜆𝜆� ∈ Γ ↦ 𝐷𝐷𝜏𝜏→∗]. (⊤ if ∀[�̅�𝑥 ∈ Γ ↦ 𝐷𝐷𝜏𝜏].𝜆𝜆�(𝛾𝛾)(�̅�𝑥) = ⊤ , else ⊥) 

The extension of EQ𝜏𝜏 in case 𝛾𝛾 is the function that returns true iff the extensions of its inputs are equal. 

𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(EQ𝜏𝜏) = 𝜆𝜆[�̅�𝑥,𝜆𝜆� ∈ Γ ↦ 𝐷𝐷𝜏𝜏]. (⊤ if �̅�𝑥(𝛾𝛾) = 𝜆𝜆�(𝛾𝛾) , else ⊥) 

The extensions of the constants ⊤, ⊥, and ⊥𝜏𝜏 are the respective elements of the extensional domain in 
every case. 

𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(⊤) = ⊤ , 𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(⊥) = ⊥ , 𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(⊥𝜏𝜏) = ⊥𝜏𝜏 

The description constants require some explanation. Say that 𝑑𝑑 ∈ 𝐷𝐷𝜏𝜏,𝛾𝛾 is an extensional witness for 
satisfaction of 𝜆𝜆� ∈ Γ ↦ 𝐷𝐷𝜏𝜏→∗ in case 𝛾𝛾 if ∃[�̅�𝑥 ∈ Γ ↦ 𝐷𝐷𝜏𝜏].𝜆𝜆�(𝛾𝛾)(�̅�𝑥) = ⊤ ∧ �̅�𝑥(𝛾𝛾) = 𝑑𝑑, that is, if there is 
some intension on which the extension of 𝜆𝜆� in 𝛾𝛾 evaluates to true and which has extension 𝑑𝑑 in 𝛾𝛾. 

For definite description, say that 𝑑𝑑 is the unique extensional witness for satisfaction of 𝜆𝜆� in 𝛾𝛾 if it is the 
only e.w. of 𝜆𝜆� in 𝛾𝛾. Then the extension of DEF𝜏𝜏 is the function that returns the u.e.w. of its input if it 
exists, and returns the null value otherwise. 

𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(DEF𝜏𝜏) = 𝜆𝜆[𝜆𝜆� ∈ Γ ↦ 𝐷𝐷𝜏𝜏→∗]. (u. e. w. of 𝜆𝜆� in 𝛾𝛾 if it exists , else ⊥𝜏𝜏) 

For indefinite description, let 𝜆𝜆𝜏𝜏,𝛾𝛾 be some choice function on the set of non-empty subsets of 𝐷𝐷𝜏𝜏,𝛾𝛾, and 
call 𝑑𝑑 the chosen extensional witness for satisfaction of 𝜆𝜆� in 𝛾𝛾 if it is the result of applying 𝜆𝜆𝜏𝜏,𝛾𝛾 to the set 
of all e.ws. of 𝜆𝜆� in 𝛾𝛾. Then the extension of INDEF𝜏𝜏 is the function that returns the c.e.w. of its input if it 
exists, and returns the null value otherwise. 



𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(INDEF𝜏𝜏) = 𝜆𝜆[𝜆𝜆� ∈ Γ ↦ 𝐷𝐷𝜏𝜏→∗]. (c. e. w. of 𝜆𝜆� in 𝛾𝛾 if it exists , else ⊥𝜏𝜏) 

Note that the choice functions 𝜆𝜆𝜏𝜏,𝛾𝛾 are effectively additional components of the model ℳ (in virtue of 
being part of the definition of the function 𝒞𝒞 assigning values to the constants). Depending on the 
cardinality of the extensional domains, the existence of these functions may require some version of the 
axiom of choice within the metalanguage of the semantic model. 

As defined here, the indefinite description operator has the same output for two predicates if the sets of 
extensional witnesses for those predicates are identical, which happens when the extensionalizations of 
the predicates are extensionally equal. This makes indefinite description as extensional as possible. 
However, it may be reasonable to reduce the constraints on INDEF𝜏𝜏 to allow the choice function to be 
relative to the extension 𝜆𝜆�(𝛾𝛾) or even to the intension 𝜆𝜆�. 

Truth in the Model 
Given a model ℳ and variable assignment 𝛿𝛿, we say that a logical sentence 𝜙𝜙 is true on ℳ and 𝛿𝛿 in case 
𝛾𝛾 if the extension of 𝜙𝜙 in 𝛾𝛾 is ⊤, and we say that 𝜙𝜙 is valid if it is true for all 𝛿𝛿 and 𝛾𝛾 for all models ℳ. 

ℳ, 𝛿𝛿, 𝛾𝛾 ⊨ 𝜙𝜙  ⟷𝑑𝑑𝑑𝑑   𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(𝜙𝜙) = ⊤ 

ℳ ⊨ 𝜙𝜙  ⟷𝑑𝑑𝑑𝑑   ∀[𝛾𝛾 ∈ Γ].∀[𝛿𝛿 ∈ Δ]. 𝑒𝑒𝑥𝑥𝑒𝑒𝑀𝑀,𝛿𝛿,𝛾𝛾(𝜙𝜙) = ⊤ 

⊨ 𝜙𝜙  ⟷𝑑𝑑𝑑𝑑   ∀ℳ.ℳ ⊨ 𝜙𝜙 

This semantic model may be used to analyze the logical validity of a proof system for CIL, as well as 
providing some intuition about the intended interpretation of CIL expressions. 

  



Natural Syntax 
We introduce several rewrite rules to make the surface form of expressions in the language more easily 
readable. Use of these rules assumes that expressions are well-formed with appropriate types, and no 
ambiguity or confusion arises from the rewrite. 

Rewrite Rules 

𝜒𝜒(𝜉𝜉)  for 𝜒𝜒@𝜉𝜉 

𝜒𝜒𝜉𝜉  for 𝜒𝜒@𝜉𝜉 

𝜆𝜆𝑥𝑥1, … 𝑥𝑥𝑖𝑖. 𝜉𝜉 for 𝜆𝜆𝑥𝑥1.⋯𝜆𝜆𝑥𝑥𝑖𝑖. 𝜉𝜉 

𝜒𝜒(𝜉𝜉1, … , 𝜉𝜉𝑖𝑖)  for 𝜒𝜒(𝜉𝜉1)⋯ (𝜉𝜉𝑖𝑖) 

𝜙𝜙 ∧ 𝜓𝜓  for AND(𝜙𝜙,𝜓𝜓) 

𝜙𝜙 ∨ 𝜓𝜓  for OR(𝜙𝜙,𝜓𝜓) 

𝜙𝜙 → 𝜓𝜓  for IMPL(𝜙𝜙,𝜓𝜓) 

𝜙𝜙 → 𝜓𝜓 → 𝜒𝜒 for 𝜙𝜙 → (𝜓𝜓 → 𝜒𝜒)    may extend to longer chains 

𝜙𝜙 ↔ 𝜓𝜓  for IFF(𝜙𝜙,𝜓𝜓) 

𝜙𝜙 ↔ 𝜓𝜓 ↔ 𝜒𝜒 for (𝜙𝜙 ↔ 𝜓𝜓) ∧ (𝜓𝜓 ↔ 𝜒𝜒)   may extend to longer chains 

¬𝜙𝜙  for NOT(𝜙𝜙) 

□𝜙𝜙  for NEC(𝜙𝜙) 

◇𝜙𝜙  for POS(𝜙𝜙) 

∀𝑥𝑥.𝜙𝜙  for ALL𝜏𝜏(𝜆𝜆𝑥𝑥.𝜙𝜙) 

∀𝑥𝑥1, … 𝑥𝑥𝑖𝑖.𝜙𝜙 for ∀𝑥𝑥1.⋯∀𝑥𝑥𝑖𝑖.𝜙𝜙 

∃𝑥𝑥.𝜙𝜙  for SOME𝜏𝜏(𝜆𝜆𝑥𝑥.𝜙𝜙) 

∃𝑥𝑥1, … 𝑥𝑥𝑖𝑖.𝜙𝜙 for ∃𝑥𝑥1.⋯∃𝑥𝑥𝑖𝑖.𝜙𝜙 

∃1𝑥𝑥.𝜙𝜙  for ∃𝑥𝑥.𝜙𝜙 ∧ ∀𝜆𝜆.𝜙𝜙[𝜆𝜆 𝑥𝑥⁄ ] → 𝜆𝜆 = 𝑥𝑥  where 𝜆𝜆 does not occur in 𝜙𝜙 

∃1□𝑥𝑥.𝜙𝜙  for ∃𝑥𝑥.𝜙𝜙 ∧ ∀𝜆𝜆.𝜙𝜙[𝜆𝜆 𝑥𝑥⁄ ] → □(𝜆𝜆 = 𝑥𝑥) where 𝜆𝜆 does not occur in 𝜙𝜙 

(extnl)𝑥𝑥.𝜙𝜙 for ∀𝑥𝑥.∀𝜆𝜆. 𝑥𝑥 = 𝜆𝜆 → 𝜙𝜙 → 𝜙𝜙[𝜆𝜆 𝑥𝑥⁄ ]  where 𝜆𝜆 does not occur in 𝜙𝜙 

𝜉𝜉 = 𝜂𝜂  for  EQ𝜏𝜏(𝜉𝜉, 𝜂𝜂) 

𝜉𝜉 = 𝜂𝜂 = 𝜁𝜁 for  𝜉𝜉 = 𝜂𝜂 ∧ 𝜂𝜂 = 𝜁𝜁    may extend to longer chains 

E  for 𝜆𝜆𝑥𝑥. ¬(𝑥𝑥 = ⊥𝜏𝜏) 

𝜉𝜉 ≡ 𝜂𝜂  for  𝜉𝜉 = 𝜂𝜂 ∧ E𝜉𝜉 ∧ E𝜂𝜂   may extend to chains 



𝜄𝜄𝑥𝑥.𝜙𝜙  for DEF𝜏𝜏(𝜆𝜆𝑥𝑥.𝜙𝜙) 

𝜖𝜖𝑥𝑥.𝜙𝜙  for INDEF𝜏𝜏(𝜆𝜆𝑥𝑥.𝜙𝜙) 

if(𝜙𝜙, 𝑒𝑒,𝑢𝑢) for 𝜄𝜄𝑥𝑥. (𝜙𝜙 → 𝑥𝑥 = 𝑒𝑒) ∧ (¬𝜙𝜙 → 𝑥𝑥 = 𝑢𝑢) where 𝑥𝑥 does not occur in 𝜙𝜙, 𝑒𝑒, or 𝑢𝑢 

𝑥𝑥 ∈ 𝜆𝜆  for 𝜆𝜆𝑥𝑥     in the following, 𝜆𝜆 and 𝜆𝜆 are predicates 

𝑥𝑥1, … , 𝑥𝑥𝑖𝑖 ∈ 𝜆𝜆 for 𝜆𝜆𝑥𝑥1 ∧ …∧ 𝜆𝜆𝑥𝑥𝑖𝑖 

𝜆𝜆 ∩ 𝜆𝜆  for 𝜆𝜆𝑥𝑥.𝜆𝜆𝑥𝑥 ∧ 𝜆𝜆𝑥𝑥 

𝜆𝜆 ∪ 𝜆𝜆  for 𝜆𝜆𝑥𝑥.𝜆𝜆𝑥𝑥 ∨ 𝜆𝜆𝑥𝑥 

𝜆𝜆 ⊆ 𝜆𝜆  for 𝜆𝜆𝑥𝑥.𝜆𝜆𝑥𝑥 → 𝜆𝜆𝑥𝑥 

𝜆𝜆 ∖ 𝜆𝜆  for 𝜆𝜆𝑥𝑥.𝜆𝜆𝑥𝑥 ∧ ¬𝜆𝜆𝑥𝑥 

~𝜆𝜆  for  𝜆𝜆𝑥𝑥. ¬𝜆𝜆𝑥𝑥 

∀𝑥𝑥 ∈ 𝜆𝜆.𝜙𝜙 for  ∀𝑥𝑥. (𝜆𝜆𝑥𝑥 → 𝜙𝜙) 

∃𝑥𝑥 ∈ 𝜆𝜆.𝜙𝜙 for ∃𝑥𝑥. (𝜆𝜆𝑥𝑥 ∧ 𝜙𝜙) 

𝜄𝜄𝑥𝑥 ∈ 𝜆𝜆.𝜙𝜙 for 𝜄𝜄𝑥𝑥. (𝜆𝜆𝑥𝑥 ∧ 𝜙𝜙) 

𝜖𝜖𝑥𝑥 ∈ 𝜆𝜆.𝜙𝜙 for 𝜖𝜖𝑥𝑥. (𝜆𝜆𝑥𝑥 ∧ 𝜙𝜙) 

𝜆𝜆𝑥𝑥 ∈ 𝜆𝜆. 𝜉𝜉 for 𝜆𝜆𝑥𝑥. if(𝜆𝜆𝑥𝑥, 𝜉𝜉,⊥𝜏𝜏) 

⋂ Ψ   for 𝜆𝜆𝑥𝑥.∀𝜆𝜆.Ψ𝜆𝜆 → 𝜆𝜆𝑥𝑥 

⋃ Ψ   for  𝜆𝜆𝑥𝑥.∃𝜆𝜆.Ψ𝜆𝜆 ∧ 𝜆𝜆𝑥𝑥 

∅, U  for  𝜆𝜆𝑥𝑥.⊥, 𝜆𝜆𝑥𝑥.⊤ respectively 

𝜆𝜆(𝑒𝑒)  for 𝜆𝜆𝑥𝑥.∃𝜆𝜆. 𝑥𝑥 = 𝜆𝜆 ∧ 𝜆𝜆𝜆𝜆 

𝜆𝜆(!)  for 𝜆𝜆𝑥𝑥.𝜆𝜆𝑥𝑥 ∧ E𝑥𝑥 

𝜆𝜆(𝑒𝑒!)  for 𝜆𝜆𝑥𝑥.𝜆𝜆(𝑒𝑒)𝑥𝑥 ∧ E𝑥𝑥 

Further rewrite rules may be added. Also define an order of operations for logical connectives: 

- Highest precedence: ¬, □, ◇ 
- Middle precedence: ∧ and ∨ (some resources also define ∧ higher than ∨) 

o Note that both ∧ and ∨ are associative. 
- Lowest precedence: → and ↔ (some resources also define → higher than ↔) 

This removes the need for some brackets and makes statements cleaner. 

  



Natural Semantics 
The word semantics for a system of a logic is usually used in a technical sense as a way of interpreting 
statements in the logic in terms of a set-theoretic model; this is how I used it in the earlier section of this 
document. Here, I will simply lay out what the expressions of the formal language CIL are intended to 
mean in natural language. 

The “case” in case-intensional logic refers to cases. Cases are the elementary possible situations under 
consideration. They may refer to times, possible worlds, possible futures, or even just the states of a 
restricted system of interest. Whatever they are, the cases are consistent (they allow no contradictions), 
exhaustive (each case decides all disjunctions), and mutually incompatible (no case is merely a logical 
consequence of another case). 

The “intensional” in case-intensional logic refers to the distinction between intension and extension. 
Every expression in the language has an intension, and an extension in every case. The intension is how 
CIL captures what the expression refers to across cases, and the extension in each case is how CIL 
captures whether the referents of expressions are the same in that case. 

For a proposition, the extension in each case is simply its truth value (true or false) in that case. Then the 
intension of a proposition is the pattern of its truth values across all cases. Similarly, for other types, we 
can think of an expression as having an extension which is a member of some extensional domain in 
each case, and an intension which is the pattern of its extensions across all cases. An expression should 
not be thought of as referring only to its extension, but to its intension, and the evaluation of a function 
in each case is allowed to depend on the intensions of the terms input to it, not only their extensions in 
that case. That is, predication in CIL is allowed to be intensional and not merely extensional.  

Equality in CIL is equality of extensions and is case-relative, while strict (i.e., necessary) equality is 
equality of intensions. Only strict equality permits substitution in all contexts. For individual types we 
also set aside a chosen constant expression to refer to a “null value” or “non-existent entity,” and say 
that an expression is equal to this constant when it does not refer to something that exists in that case. 

These are definite advantages of CIL: for example, they give us the ability to use expressions which refer 
to different things in different cases, or to disambiguate between de re and de dicto modalities, or to 
easily refer to things that exist in only some cases. 

With all of that said, most of the basic expressions in the language have a clear intended meaning: 

Function application and abstraction: 

At the fundamental level, the function application 𝑓𝑓(𝑥𝑥) applies a function (defined by the expression 𝑓𝑓) 
to some input (defined by the expression 𝑥𝑥) to get another expression. In the other direction, the 
function abstraction 𝜆𝜆𝑥𝑥. 𝜉𝜉 expresses a function which results in 𝜉𝜉 when evaluated at 𝑥𝑥. 

Propositional logic: 

The operators ∧, ∨, →, ↔, and ¬ of propositional logic mean logical conjunction, logical disjunction 
(inclusive), material implication, material equivalence, and negation. These operators are extensional; 
the resulting truth value depends only on the truth values (extensions) of the input expressions. 

 



Modal logic: 

The modal operators □ and ◇ mean that a statement is necessary (i.e., true in every case) or possible 
(i.e., true in some case). Obviously, these operators are intensional; the resulting truth value depends on 
the truth values of the input expressions across all cases. S5 semantics is used for the fundamental 
modal operators so that possibility and necessity do not vary from case to case; all possible cases are 
accessible to each other. However, CIL has the power to define more restrictive modal operators within 
the language itself. 

Equality, existence, and the null value: 

Equality = means that the two expressions have the same extension in the given case. As already 
discussed, it does not license substitution everywhere; contexts where it does are called extensional. 

The designated constant ⊥𝜏𝜏 is intended to denote a null value for expressions of type 𝜏𝜏. We can define 
an existence predicate E for individuals of that type with the following statement: 

E =𝑑𝑑𝑑𝑑 𝜆𝜆𝑥𝑥. ¬(𝑥𝑥 = ⊥𝜏𝜏) 

Which allows us to form the statement, for example, E(𝑥𝑥), meaning that 𝑥𝑥 exists in the present case. In 
addition to forming the existence predicate, ⊥𝜏𝜏 is used for the value of descriptions that fail to refer to 
anything. 

For predicate expressions of type 𝜏𝜏 → ∗ we also want to select a null value. There are several possible 
choices. One option, which says the null predicate is the one that is false for all inputs, is: 

⊥𝜏𝜏→∗=𝑑𝑑𝑑𝑑 𝜆𝜆𝑥𝑥.⊥ 

Where ⊥ can be replaced by any absurdity, such as ¬(𝑥𝑥 = 𝑥𝑥). Other options include: 

⊥𝜏𝜏→∗=𝑑𝑑𝑑𝑑 𝜆𝜆𝑥𝑥. (𝑥𝑥 = ⊥𝜏𝜏) , ⊥𝜏𝜏→∗=𝑑𝑑𝑑𝑑 𝜆𝜆𝑥𝑥.□(𝑥𝑥 = ⊥𝜏𝜏) 

Which set the null predicate to the predicates meaning “does not exist” and “necessarily does not exist,” 
respectively. Of these three, I will choose the first option. With this convention I can say that a predicate 
exists (in the present case) if and only if there is some intension that falls under it (in the present case). 

For function expressions of type 𝛼𝛼 → 𝛽𝛽, the obvious choice for the null function is: 

⊥𝛼𝛼→𝛽𝛽=𝑑𝑑𝑑𝑑 𝜆𝜆𝑥𝑥.⊥𝛽𝛽 

Which is the function that returns the null value on all inputs. 

Quantifiers: 

The quantifier expression ∀𝑥𝑥.𝜙𝜙 means that 𝜙𝜙 is true for all values of 𝑥𝑥 (of the appropriate type), while 
∃𝑥𝑥.𝜙𝜙 means that 𝜙𝜙 is true for some value of 𝑥𝑥 (again, of the appropriate type). These expressions 
quantify over all intensions of the relevant type and are not restricted to those satisfying the existence 
predicate. In particular, ∃ has no ontological commitments. The basic quantifiers obey the same rules as 
the quantifiers in classical predicate logic. 

We can form stronger quantifiers: ∀𝑥𝑥. E𝑥𝑥 → 𝜙𝜙 means “for all existing 𝑥𝑥, 𝜙𝜙 is true,” while ∃𝑥𝑥. E𝑥𝑥 ∧ 𝜙𝜙 
means “there exists some 𝑥𝑥 such that 𝜙𝜙 is true.” These stronger quantifiers obey the rules for free logic. 



Definite description: 

The definite description expression 𝜄𝜄𝑥𝑥.𝜙𝜙 means “the 𝑥𝑥 for which 𝜙𝜙 is true” and is evaluated in the 
following way. In each case 𝛾𝛾, if some intension of 𝑥𝑥 satisfies 𝜙𝜙 and all the intensions which satisfy 𝜙𝜙 
have the same extension in 𝛾𝛾, then 𝜄𝜄𝑥𝑥.𝜙𝜙 has that same extension in 𝛾𝛾. Otherwise, 𝜄𝜄𝑥𝑥.𝜙𝜙 takes on the 
same extension in 𝛾𝛾 as the designated null value. Then the intension of 𝜄𝜄𝑥𝑥.𝜙𝜙 is the pattern of its 
extensions across all cases (as it always is). 

Normally, we would want to say that “the 𝑥𝑥 for which 𝜙𝜙 is true” itself satisfies 𝜙𝜙. In CIL we can say this – 
the statement is 𝜙𝜙[𝜄𝜄𝑥𝑥.𝜙𝜙 𝑥𝑥⁄ ] – provided that the following two conditions hold: 

- ∃1𝑥𝑥.𝜙𝜙, meaning there is an extensionally unique 𝑥𝑥 that matches the description. 
- (extnl)𝑥𝑥.𝜙𝜙, meaning that 𝜙𝜙 is extensional for 𝑥𝑥. 

If we have the first condition but not the second, the most we can say is that ∀𝜆𝜆. (𝜙𝜙[𝜆𝜆 𝑥𝑥⁄ ] → 𝜆𝜆 = 𝜄𝜄𝑥𝑥.𝜙𝜙) 
(where 𝜆𝜆 does not occur in 𝜙𝜙), meaning every intension that satisfies 𝜙𝜙 in a case is extensionally equal 
to 𝜄𝜄𝑥𝑥.𝜙𝜙 in that case. If we do not even have the first condition, then we would say ¬E(𝜄𝜄𝑥𝑥.𝜙𝜙), meaning 
“the 𝑥𝑥 for which 𝜙𝜙 is true” does not exist. 

Indefinite description: 

The indefinite description expression 𝜖𝜖𝑥𝑥.𝜙𝜙 means “some 𝑥𝑥 for which 𝜙𝜙 is true” and is evaluated in the 
similarly to definite description. In each case 𝛾𝛾, 𝜖𝜖𝑥𝑥.𝜙𝜙 has the same extension as some 𝑥𝑥 which satisfies  
𝜙𝜙 in 𝛾𝛾, if there are any that do so. Otherwise, 𝜖𝜖𝑥𝑥.𝜙𝜙 takes on the same extension in 𝛾𝛾 as the designated 
null value. An indefinite description expression has a definite value, but it may be unknown exactly what 
value it has. 

As with definite description, this construction is extensional, and we can say that 𝜙𝜙[𝜖𝜖𝑥𝑥.𝜙𝜙 𝑥𝑥⁄ ] if the 
following two conditions hold: 

- ∃𝑥𝑥.𝜙𝜙, meaning there is some 𝑥𝑥 that matches the description. 
- (extnl)𝑥𝑥.𝜙𝜙, meaning that 𝜙𝜙 is extensional for 𝑥𝑥. 

If we have the first condition but not the second, the most we can say is that ∃𝜆𝜆. (𝜙𝜙[𝜆𝜆 𝑥𝑥⁄ ] ∧ 𝜆𝜆 = 𝜖𝜖𝑥𝑥.𝜙𝜙) 
(where 𝜆𝜆 does not occur in 𝜙𝜙), which is not particularly useful. If we do not even have the first condition, 
then we would say ¬E(𝜖𝜖𝑥𝑥.𝜙𝜙), meaning “some 𝑥𝑥 for which 𝜙𝜙 is true” does not exist. 

Logics with indefinite description can automatically prove a version of the axiom of choice (just use the 
indefinite description operator to form a choice function), so indefinite description should only be used 
if this is a desirable attribute. 

Predicates as sets: 

We can think of predicates of type 𝜏𝜏 → ∗ in terms of their extensions in any given case, which are 
isomorphic to sets of intensions of type 𝜏𝜏. Predicates thought of as sets in CIL are not quite the same as 
the sets of ZFC in first-order logic, as sets in CIL can only contain elements which are all the same type 
(e.g., a predicate cannot apply both to objects of some type and to other predicates of those objects). 

  



Natural Deduction System 
A logical proof consists of a series of statements in the formal language, each of which is either held as 
an axiom of the theory under which one is operating, or is asserted as a premise, or is inferred through 
one of several deduction rules from earlier statements of the proof. These deduction rules formalize 
valid ways of deductive reasoning. 

A proof may contain sub-proofs, which are used to temporarily introduce additional assumptions or 
ensure that only certain statements are being utilized from the enclosing proof. Earlier statements may 
be brought into a sub-proof from the immediately enclosing proof (subject to restrictions depending on 
the type of sub-proof). However, statements inside a sub-proof may not be brought outside of it, except 
as referenced by certain deduction rules. 

A basic sub-proof has no restrictions on the statements which may be reasserted within it. Two other 
kinds of sub-proofs do have restrictions and will be introduced when they become relevant. 

Propositional Logic 
The fundamental deduction rules for classical propositional logic encode how to reason with the basic 
operators ∧, ∨, →, ↔, and ¬. Other valid deduction rules may be derived by combining these ones; I will 
demonstrate some of the derived rules in a separate document. 

Conjunction Introduction: 𝜙𝜙,𝜓𝜓 ⊢ 𝜙𝜙 ∧ 𝜓𝜓 

Given both of 𝜙𝜙 and 𝜓𝜓, infer 𝜙𝜙 ∧ 𝜓𝜓 (that is, 𝜙𝜙 and 𝜓𝜓). 

Conjunction Elimination: 

i. 𝜙𝜙 ∧ 𝜓𝜓 ⊢ 𝜙𝜙 
ii. 𝜙𝜙 ∧ 𝜓𝜓 ⊢ 𝜓𝜓 

Given 𝜙𝜙 ∧ 𝜓𝜓, infer either of 𝜙𝜙 or 𝜓𝜓. 

Disjunction Introduction: 

i. 𝜙𝜙 ⊢ 𝜙𝜙 ∨ 𝜓𝜓 
ii. 𝜓𝜓 ⊢ 𝜙𝜙 ∨ 𝜓𝜓 

Given either of 𝜙𝜙 or 𝜓𝜓, infer 𝜙𝜙 ∨ 𝜓𝜓 (that is, 𝜙𝜙 or 𝜓𝜓 or both). 

Disjunction Elimination: If Γ,𝜙𝜙 ⊢ 𝜒𝜒 and Γ,𝜓𝜓 ⊢ 𝜒𝜒 then Γ,𝜙𝜙 ∨ 𝜓𝜓 ⊢ 𝜒𝜒 

Given two basic sub-proofs, one starting from hypothesis 𝜙𝜙 and the other with hypothesis 𝜓𝜓, which 
both conclude 𝜒𝜒; then given 𝜙𝜙 ∨ 𝜓𝜓, infer 𝜒𝜒. 

(If we know that 𝜙𝜙 or 𝜓𝜓 is true, if they both imply anther statement 𝜒𝜒, we can infer that 𝜒𝜒 is true even 
when we do not know whether 𝜙𝜙 or 𝜓𝜓 are true on their own.) 

Conditional Introduction: If Γ,𝜙𝜙 ⊢ 𝜓𝜓 then Γ ⊢ 𝜙𝜙 → 𝜓𝜓 

Given a basic sub-proof starting from hypothesis 𝜙𝜙 that concludes 𝜓𝜓, infer 𝜙𝜙 → 𝜓𝜓 (that is, 𝜙𝜙 materially 
implies 𝜓𝜓). 𝜙𝜙 → 𝜓𝜓 may also be read as “if 𝜙𝜙, then 𝜓𝜓” or “𝜓𝜓 if 𝜙𝜙” or “𝜙𝜙 only if 𝜓𝜓.” 



Conditional Elimination: 𝜙𝜙,𝜙𝜙 → 𝜓𝜓 ⊢ 𝜓𝜓 

Given 𝜙𝜙 and 𝜙𝜙 → 𝜓𝜓, infer 𝜓𝜓. This rule is also known as modus ponens. 

Biconditional Introduction: If Γ,𝜙𝜙 ⊢ 𝜓𝜓 and Γ,𝜓𝜓 ⊢ 𝜙𝜙 then Γ ⊢ 𝜙𝜙 ↔ 𝜓𝜓 

Given two basic sub-proofs each hypothesizing one of 𝜙𝜙 or 𝜓𝜓 and inferring the other, infer 𝜙𝜙 ↔ 𝜓𝜓 (that 
is, 𝜙𝜙 is materially equivalent to 𝜓𝜓). 𝜙𝜙 ↔ 𝜓𝜓 may also be read as “𝜙𝜙 if and only if 𝜓𝜓.” The negation of the 
biconditional is the exclusive or, “𝜙𝜙 or 𝜓𝜓 but not both.” 

Biconditional Elimination: 

i. 𝜙𝜙 ↔ 𝜓𝜓,𝜙𝜙 ⊢ 𝜓𝜓 
ii. 𝜙𝜙 ↔ 𝜓𝜓,𝜓𝜓 ⊢ 𝜙𝜙 

Given 𝜙𝜙 ↔ 𝜓𝜓 and either of 𝜙𝜙 or 𝜓𝜓, infer the other. 

Proof by Contradiction: If Γ, ¬𝜙𝜙 ⊢ 𝜓𝜓 and Γ, ¬𝜙𝜙 ⊢ ¬𝜓𝜓 then Γ ⊢ 𝜙𝜙 

Given a basic sub-proof starting from hypothesis ¬𝜙𝜙 which concludes both 𝜓𝜓 and ¬𝜓𝜓, infer 𝜙𝜙. This rule 
is also known as reductio ad absurdum. 

(If we arrive at a contradiction by assuming that 𝜙𝜙 is false, we infer that it cannot be false and so must 
be true instead.) 

The proof by contradiction rule is essential, as it encompasses both the law of non-contradiction and the 
law of excluded middle, which are fundamental for classical logic. 

Predicate Logic 
The fundamental deduction rules for predicate logic encode how to reason with the quantifiers ∀ and ∃.  

Two of the deduction rules utilize variable-strict sub-proofs. Each variable-strict sub-proof is associated 
with a variable which is designated as arbitrary. Earlier statements may only be brought inside the strict 
sub-proof if they do not contain the designated variable, and there may be further constraints involving 
the occurrences of the variable in hypotheses or conclusions of the sub-proof. 

Universal Generalization: If Γ ⊢ 𝜙𝜙[𝜆𝜆/𝑥𝑥] then Γ ⊢ ∀𝑥𝑥.𝜙𝜙 (where variable 𝜆𝜆 does not occur in Γ or 𝜙𝜙) 

Given a variable-strict sub-proof (for arbitrary variable 𝜆𝜆) that concludes 𝜙𝜙[𝜆𝜆/𝑥𝑥] with no hypothesis, 
infer ∀𝑥𝑥.𝜙𝜙. 

(If we can show that 𝜙𝜙 is true for 𝜆𝜆 no matter what 𝜆𝜆 is, then 𝜙𝜙 is true for everything.) 

Universal Instantiation: ∀𝑥𝑥.𝜙𝜙 ⊢ 𝜙𝜙[𝑒𝑒/𝑥𝑥] 

Given ∀𝑥𝑥.𝜙𝜙, infer 𝜙𝜙[𝑒𝑒/𝑥𝑥]. 

(If 𝜙𝜙 is true for everything, then it is true for 𝑒𝑒.) 

Existential Generalization: 𝜙𝜙[𝑒𝑒/𝑥𝑥] ⊢ ∃𝑥𝑥.𝜙𝜙 

Given 𝜙𝜙[𝑒𝑒/𝑥𝑥], infer ∃𝑥𝑥.𝜙𝜙. 

(If 𝜙𝜙 is true for 𝑒𝑒, then there is something for which 𝜙𝜙 is true.) 



Existential Instantiation: If Γ,𝜙𝜙[𝜆𝜆/𝑥𝑥] ⊢ 𝜓𝜓 then Γ,∃𝑥𝑥.𝜙𝜙 ⊢ 𝜓𝜓 (variable 𝜆𝜆 does not occur in Γ, 𝜙𝜙, or 𝜓𝜓) 

Given a variable-strict sub-proof (for arbitrary variable 𝜆𝜆) starting from hypothesis 𝜙𝜙[𝜆𝜆/𝑥𝑥] and which 
concludes 𝜓𝜓 (which does not reference 𝜆𝜆); then given ∃𝑥𝑥.𝜙𝜙, infer 𝜓𝜓. 

(If we can show that 𝜓𝜓 is true from the fact that 𝜙𝜙 is true for 𝜆𝜆 no matter what 𝜆𝜆 is, then if there is 
something for which 𝜙𝜙 is true, 𝜓𝜓 is also true.) 

Case-intensional logic allows quantification not just over individual terms but also over variables 
designating predicates, functions, and other higher-order objects (e.g., second-order predicates of 
predicates or functions), and even propositions. This makes case-intensional logic highly expressive, 
though it also gives it enough power to fall prey to Gödel’s incompleteness theorems. 

Modal Logic 
The fundamental deduction rules for modal logic encode how to reason with the □ and ◇ operators. 

Two of the deduction rules utilize modal-strict sub-proofs. Earlier statements may only be brought into a 
modal-strict sub-proof if they are modally closed, meaning that any dependence on truth in a particular 
case is removed by a □ or ◇ operator. 

The modally closed propositions are inductively defined as follows: 

- A proposition in one of the forms □𝜙𝜙 or ◇𝜙𝜙 is modally closed. 
- If 𝜙𝜙 is modally closed, then ¬𝜙𝜙 is modally closed. 
- If 𝜙𝜙 and 𝜓𝜓 are modally closed, then 𝜙𝜙 ∧ 𝜓𝜓, 𝜙𝜙 ∨ 𝜓𝜓, 𝜙𝜙 → 𝜓𝜓, and 𝜙𝜙 ↔ 𝜓𝜓 are modally closed. 
- If 𝜙𝜙 is modally closed, then ∀𝑥𝑥.𝜙𝜙 and ∃𝑥𝑥.𝜙𝜙 are modally closed. 

The intuition here is that the fact of whether or not something is true in some case or in every case, 
itself does not depend on any particular case. A definition which is more closely supported by this 
intuition would be to say that a proposition is modally closed if and only if it has one of the forms □𝜙𝜙, 
¬□𝜙𝜙, ◇𝜙𝜙, or ¬◇𝜙𝜙. However, this definition is equivalent to the one given when using the following 
deduction rules. 

Necessity Introduction: If Γ ⊢ 𝜙𝜙 then Γ ⊢ □𝜙𝜙 (where the Γ are all modally closed) 

Given a modal-strict sub-proof that concludes 𝜙𝜙 with no hypothesis, infer □𝜙𝜙. 

(If we can show that 𝜙𝜙 is true without relying on any case-dependent truth, then 𝜙𝜙 is true in all cases.) 

Necessity Elimination: □𝜙𝜙 ⊢ 𝜙𝜙 

Given □𝜙𝜙, infer 𝜙𝜙. 

(If 𝜙𝜙 is true in all cases, then it is true in the present case.) 

Possibility Introduction: 𝜙𝜙 ⊢ ◇𝜙𝜙 

Given 𝜙𝜙, infer ◇𝜙𝜙. 

(If 𝜙𝜙 is true in the present case, then there is some case for which 𝜙𝜙 is true.) 

 



Possibility Elimination: If Γ,𝜙𝜙 ⊢ 𝜓𝜓 then Γ,◇𝜙𝜙 ⊢ 𝜓𝜓 (where 𝜓𝜓 and the Γ are all modally closed) 

Given a modal-strict sub-proof starting from hypothesis 𝜙𝜙 that concludes a modally closed statement 𝜓𝜓; 
then given ◇𝜙𝜙, infer 𝜓𝜓. 

(If we can show that a case-independent statement 𝜓𝜓 is true from the fact that 𝜙𝜙 is true, without relying 
on any other case-dependent truth, then if there is some case where 𝜙𝜙 is true, 𝜓𝜓 is also true.) 

Note that there is a structural similarity between the deduction rules for the modal operators, the 
quantifiers, and the conjunction and disjunction operators. 

Principles for Equality, Existence, and Description 
The following deduction rules encode how to reason with equality, existence, and definite description. 

Equality: 

i. ⊢ 𝜉𝜉 = 𝜉𝜉 
ii. 𝜉𝜉 = 𝜁𝜁, 𝜂𝜂 = 𝜁𝜁 ⊢ 𝜉𝜉 = 𝜂𝜂 

These rules state that (i) every term is equal to itself, and (ii) if two terms are each equal to a third term, 
then they are equal to each other. These rules need only be taken as fundamental for expressions of 
each individual type; they may be derived for expressions of other types. 

Strict Substitution Principles: 

i. □(𝜙𝜙 ↔ 𝜓𝜓),𝜋𝜋[𝜙𝜙 𝜒𝜒⁄ ] ⊢ 𝜋𝜋[𝜓𝜓 𝜒𝜒⁄ ] 
ii. □(𝜉𝜉 = 𝜁𝜁),𝜙𝜙[𝜉𝜉 𝑥𝑥⁄ ] ⊢ 𝜙𝜙[𝜁𝜁 𝑥𝑥⁄ ] 

These rules state (i) that necessary material equivalence is sufficient for substitution of propositions in 
all contexts in case-intensional logic, and (ii) that necessary equality is sufficient for substitution of other 
types of expressions in all contexts. These rules need only be taken as fundamental for expressions of 
each individual type; they may be derived for expressions of other types (including propositions). 

Extensionality Principles: 

i. ⊢ 𝜆𝜆 = 𝜆𝜆 ↔ ∀𝑥𝑥.𝜆𝜆𝑥𝑥 ↔ 𝜆𝜆𝑥𝑥 
ii. ⊢ 𝜆𝜆 = 𝜆𝜆 ↔ ∀𝑥𝑥.𝜆𝜆𝑥𝑥 = 𝜆𝜆𝑥𝑥 

This defines equality for predicates and functions. Predicates (respectively, functions) are equal if and 
only if they are materially equivalent (equal) on all arguments. 

Reduction Principles: 

i. ⊢ (𝜆𝜆𝑥𝑥.𝜙𝜙)(𝜂𝜂) ↔ 𝜙𝜙[𝜂𝜂 𝑥𝑥⁄ ] 
ii. ⊢ (𝜆𝜆𝑥𝑥. 𝜉𝜉)(𝜂𝜂) = 𝜉𝜉[𝜂𝜂 𝑥𝑥⁄ ] 

These rules state the behavior of lambda abstraction for predicates and functions. 

Existence: 

i. 𝜉𝜉 = 𝜁𝜁, E𝜉𝜉 ⊢ E𝜁𝜁 
ii. ¬E𝜉𝜉, ¬E𝜁𝜁 ⊢ 𝜉𝜉 = 𝜁𝜁 



These rules state the behavior of the existence predicate: (i) that it is extensional, and (ii) that all terms 
referring to something that does not exist are considered equal. These rules need only be taken as 
fundamental for expressions of each individual type; they may be derived for expressions of other types.  

Furthermore, because there is a degree of conventionality in how E is used for predicates or functions, 
and because these types may be considered merely logical constructs, the existence predicate should 
only be thought of as ontologically committing for terms of individual types representing beings in a 
metaphysical theory. (For a mathematical theory, E𝜉𝜉 can mean that 𝜉𝜉 is defined.) Also, the equality of 
non-existing entities should not be considered to have ontological import. 

Null Value Principles: 

i. ⊢ ¬E𝜆𝜆 ↔ ∀𝑥𝑥. ¬𝜆𝜆𝑥𝑥 
ii. ⊢ ¬E𝜆𝜆 ↔ ∀𝑥𝑥. ¬E(𝜆𝜆𝑥𝑥) 

These define the null values for predicates and functions. (If a different choice is made for the null value 
for predicate expressions, the first principle here will need to be modified; alternatively, more than one 
“existence” predicate may be defined for such objects.) 

Definite Description: 

i. ∃1𝑥𝑥.𝜙𝜙 ⊢ ∀𝜆𝜆. (𝜙𝜙[𝜆𝜆 𝑥𝑥⁄ ] → 𝜆𝜆 = 𝜄𝜄𝑥𝑥.𝜙𝜙) (where 𝜆𝜆 does not occur in 𝜙𝜙) 
ii. ¬∃1𝑥𝑥.𝜙𝜙 ⊢ ¬E(𝜄𝜄𝑥𝑥.𝜙𝜙) 

The rules for definite description state (i) if there is an extensionally unique 𝑥𝑥 satisfying the proposition 
𝜙𝜙, then everything satisfying that proposition is equal to 𝜄𝜄𝑥𝑥.𝜙𝜙 (“the 𝑥𝑥 such that 𝜙𝜙”); and (ii) if there is no 
such 𝑥𝑥, then 𝜄𝜄𝑥𝑥.𝜙𝜙 does not exist. 

Indefinite Description: 

i. ∃𝑥𝑥.𝜙𝜙 ⊢ ∃𝜆𝜆. (𝜙𝜙[𝜆𝜆 𝑥𝑥⁄ ] ∧ 𝜆𝜆 = 𝜖𝜖𝑥𝑥.𝜙𝜙) (where 𝜆𝜆 does not occur in 𝜙𝜙) 
ii. ¬∃𝑥𝑥.𝜙𝜙 ⊢ ¬E(𝜖𝜖𝑥𝑥.𝜙𝜙) 

The rules for indefinite description state (i) if there is some 𝑥𝑥 satisfying the proposition 𝜙𝜙, then there is 
something satisfying that proposition is equal to 𝜖𝜖𝑥𝑥.𝜙𝜙 (“some 𝑥𝑥 such that 𝜙𝜙”); and (ii) if there is no such 
𝑥𝑥, then 𝜖𝜖𝑥𝑥.𝜙𝜙 does not exist. 

  



Predication 
The following section describes some simple and useful concepts related to predication in CIL. 

Extensional Predication 
It has been noted that, in general, mere equality or material equivalence is insufficient for substitution 
of terms in case-intensional logic. A context is extensional if equality is sufficient for substitution in that 
specific context. For example, it can be proven that the truth-functional connectives ∧, ∨, →, ↔, and ¬ 
are extensional, i.e.: 

𝜙𝜙 ↔ 𝜓𝜓,𝜙𝜙 ∧ 𝜋𝜋 ⊢ 𝜓𝜓 ∧ 𝜋𝜋 

And similarly for the other logical connectives. Extensionality of a sentence 𝜙𝜙 for a free variable 𝑥𝑥 can be 
expressed by the following (where 𝜆𝜆 does not occur in 𝜙𝜙):  

(extnl)𝑥𝑥.𝜙𝜙 =𝑑𝑑𝑑𝑑 ∀𝑥𝑥.∀𝜆𝜆. 𝑥𝑥 = 𝜆𝜆 → 𝜙𝜙 → 𝜙𝜙[𝜆𝜆 𝑥𝑥⁄ ] 

We often want to recover the substitution property for equality. A predicate (that is, an expression 
which is of type 𝜏𝜏 → ∗ for some 𝜏𝜏) is called extensional if it supports substitution for equals: 

Ext =𝑑𝑑𝑑𝑑 𝜆𝜆𝜆𝜆.∀𝑥𝑥.∀𝜆𝜆. 𝑥𝑥 = 𝜆𝜆 → 𝜆𝜆𝑥𝑥 → 𝜆𝜆𝜆𝜆 

The extensionalization 𝜆𝜆(𝑒𝑒) of a predicate 𝜆𝜆 is the smallest extensional predicate which contains 𝜆𝜆, 
defined as (where 𝜆𝜆 does not occur in 𝜆𝜆): 

𝜆𝜆(𝑒𝑒) =𝑑𝑑𝑑𝑑 𝜆𝜆𝑥𝑥.∃𝜆𝜆. 𝑥𝑥 = 𝜆𝜆 ∧ 𝜆𝜆𝜆𝜆 

Another commonly desirable attribute of a predicate is that it implies the existence of things which fall 
under it. A predicate is existence-implying if: 

ExistImpl =𝑑𝑑𝑑𝑑 𝜆𝜆𝜆𝜆.∀𝑥𝑥.𝜆𝜆𝑥𝑥 → E𝑥𝑥 

Existence-implying versions of a predicate or its extensionalization (which are just their intersections 
with the existence predicate), denoted 𝜆𝜆(!) or 𝜆𝜆(𝑒𝑒!), can be useful. One may postulate that predicates 
describing basic qualities of things in the natural world are extensional and existence-implying. 

Absolute Predication 
While extensional predication is often useful, non-extensional predication provides a means of tracing 
individuals between cases in modal contexts by declaring that certain terms fall under some absolute 
predicate, meaning that they refer to the same individual of a certain kind in all cases. Clear examples 
for how this works can be seen in the CIFOL paper by Belnap and Müller. 

First, we define two other properties of predicates used in the characterization of an absolute predicate. 
A predicate is modally constant if it applies to all the same terms in every case: 

MConst =𝑑𝑑𝑑𝑑 𝜆𝜆𝜆𝜆.∀𝑥𝑥.◇𝜆𝜆𝑥𝑥 → □𝜆𝜆𝑥𝑥 

A predicate is modally separated if any two terms falling under it are equal in every case if they are 
equal in any case where they exist: 

MSep =𝑑𝑑𝑑𝑑 𝜆𝜆𝜆𝜆.□∀𝑥𝑥.∀𝜆𝜆.𝜆𝜆𝑥𝑥 ∧ 𝜆𝜆𝜆𝜆 → ◇(𝑥𝑥 ≡ 𝜆𝜆) → □(𝑥𝑥 = 𝜆𝜆) 



Then we can say a predicate is absolute if it is both modally constant and modally separated: 

Abs =𝑑𝑑𝑑𝑑 𝜆𝜆𝜆𝜆. MConst(𝜆𝜆) ∧ MSep(𝜆𝜆) 

(We can also consider strict modal separation and strict absoluteness of properties, which drops the 
existence-implying equality 𝑥𝑥 ≡ 𝜆𝜆 in modal separation down to mere equality 𝑥𝑥 = 𝜆𝜆.) 

A modally constant predicate has the same extension (the set of intensions which satisfy it) in all cases, 
while a modally separated predicate makes it so that extensional information in a case is sufficient to 
determine the full intension of an individual term falling under that predicate. Absolute predicates 
combine these two properties. 

The usefulness of absolute predicates stems from the fact that (for 𝑥𝑥 and 𝜆𝜆 not occurring in 𝜆𝜆): 

Abs(𝜆𝜆) ⊢ □∀𝑥𝑥. �𝜆𝜆(𝑒𝑒!)𝑥𝑥 → ∃1□𝜆𝜆. (𝜆𝜆 = 𝑥𝑥 ∧ 𝜆𝜆𝜆𝜆)� 

This states that for any existing 𝑥𝑥 in the extensionalization of 𝜆𝜆, there is a strictly unique intension falling 
under 𝜆𝜆 which is extensionally equal to 𝑥𝑥 in the present case. Thus, an absolute property ensures that 
we can find the unique intension tracing an individual across all cases, given any term which describes 
that individual in an extensional way. One may postulate that predicates describing kinds of things in the 
natural world are absolute. 

Characterization of Functions 
With expressions of function types included in the fundamental syntax of case-intensional logic, it is 
useful to be able to characterize functions in some basic ways. Note that a function of type 𝛼𝛼 → 𝛽𝛽 can 
act on any expression of type 𝛼𝛼 and returns an expression of type 𝛽𝛽. Very often, the null value of type 𝛽𝛽 
is used as the output where a function is not intended to be meaningfully defined. 

Like in the case of predicates, extensionality for functions is defined by:  

Ext =𝑑𝑑𝑑𝑑 𝜆𝜆𝜆𝜆.∀𝑥𝑥.∀𝜆𝜆. 𝑥𝑥 = 𝜆𝜆 → 𝜆𝜆𝑥𝑥 = 𝜆𝜆𝜆𝜆 

Note that this defines a function as extensional if it supports replacement by equals for all inputs, but 
sometimes we only need to consider extensionality for inputs in some set, as below. 

A function 𝜆𝜆:𝛼𝛼 → 𝛽𝛽 is an extensional proper function from domain 𝜆𝜆:𝛼𝛼 → ∗ to codomain 𝜆𝜆:𝛽𝛽 → ∗ if it 
maps every element of 𝜆𝜆 to an element of 𝜆𝜆, is extensional in the present case for inputs in the domain, 
and the domain and codomain are extensional in the present case. 

Fun =𝑑𝑑𝑑𝑑 𝜆𝜆𝜆𝜆,𝜆𝜆,𝜆𝜆. Ext(𝜆𝜆) ∧ Ext(𝜆𝜆) ∧ ∀𝑥𝑥,𝜆𝜆 ∈ 𝜆𝜆. (𝑥𝑥 = 𝜆𝜆 → 𝜆𝜆𝑥𝑥 = 𝜆𝜆𝜆𝜆) ∧ ∀𝑥𝑥 ∈ 𝜆𝜆.𝜆𝜆(𝜆𝜆𝑥𝑥) 

A function is injective extensional from 𝜆𝜆 to 𝜆𝜆 if it is an extensional proper function from 𝜆𝜆 to 𝜆𝜆 and 
distinct inputs map to distinct outputs, considered extensionally. 

Injective =𝑑𝑑𝑑𝑑 𝜆𝜆𝜆𝜆,𝜆𝜆,𝜆𝜆. Fun(𝜆𝜆,𝜆𝜆,𝜆𝜆) ∧ ∀𝑥𝑥,𝜆𝜆 ∈ 𝜆𝜆.𝜆𝜆𝑥𝑥 = 𝜆𝜆𝜆𝜆 → 𝑥𝑥 = 𝜆𝜆 

A function is surjective extensional from 𝜆𝜆 to 𝜆𝜆 if it is an extensional proper function from 𝜆𝜆 to 𝜆𝜆 and 
every element in the codomain is mapped to by some element in the domain, considered extensionally. 

Surjective =𝑑𝑑𝑑𝑑 𝜆𝜆𝜆𝜆,𝜆𝜆,𝜆𝜆. Fun(𝜆𝜆,𝜆𝜆,𝜆𝜆) ∧ ∀𝜆𝜆 ∈ 𝜆𝜆.∃𝑥𝑥 ∈ 𝜆𝜆.𝜆𝜆𝑥𝑥 = 𝜆𝜆 



Then a function is bijective extensional from 𝜆𝜆 to 𝜆𝜆 if it is (extensionally) both injective and surjective. 

Bijective =𝑑𝑑𝑑𝑑 𝜆𝜆𝜆𝜆,𝜆𝜆,𝜆𝜆. Injective(𝜆𝜆,𝜆𝜆,𝜆𝜆) ∧ Surjective(𝜆𝜆,𝜆𝜆,𝜆𝜆) 

If 𝜆𝜆 is bijective extensional from 𝜆𝜆 to 𝜆𝜆, it is easy to prove that there is an extensionally unique 𝜆𝜆 in 𝜆𝜆 
satisfying 𝜆𝜆𝜆𝜆 = 𝑥𝑥 for every 𝑥𝑥 in 𝜆𝜆: 

Bijective(𝜆𝜆,𝜆𝜆,𝜆𝜆) ⊢ ∀𝑥𝑥 ∈ 𝜆𝜆.∃1𝜆𝜆. (𝜆𝜆𝜆𝜆 ∧ 𝜆𝜆𝜆𝜆 = 𝑥𝑥) 

Then one may construct an inverse function, and prove that it has all the relevant properties: 

𝜆𝜆−1 =𝑑𝑑𝑑𝑑 𝜆𝜆𝑥𝑥. 𝜄𝜄𝜆𝜆. (𝜆𝜆𝜆𝜆 ∧ 𝜆𝜆𝜆𝜆 = 𝑥𝑥) 

Bijective(𝜆𝜆,𝜆𝜆,𝜆𝜆) ⊢ Bijective(𝜆𝜆−1,𝜆𝜆,𝜆𝜆) ∧ ∀𝑥𝑥 ∈ 𝜆𝜆.𝜆𝜆−1(𝜆𝜆𝑥𝑥) = 𝑥𝑥 ∧ ∀𝜆𝜆 ∈ 𝜆𝜆.𝜆𝜆(𝜆𝜆−1𝜆𝜆) = 𝜆𝜆 

It may be useful to consider variants of the above properties utilizing intensional equality for functions 
mapping between absolute predicates, rather than extensional equality for functions mapping between 
extensional predicates, to extend these notions further. 

  



Internal Cases 
Provided that modality in a logical theory is non-trivial (so that there is a difference in general between 
saying that a proposition is true and saying that it is necessary), it is useful to be able to refer to specific 
possible cases and say that a given sentence is true or false in this or that case. CIL has the power to do 
this with the addition of two simple axioms. 

Axiom of Contingency: ⊢ ∃𝜙𝜙.◇𝜙𝜙 ∧◇¬𝜙𝜙 

This axiom asserts that there is a contingent proposition, i.e., a sentence which is possibly true and 
possibly false. It is true in any model of CIL where there is more than one case. 

Bressan’s Axiom: ⊢ ∃𝜆𝜆.∀𝜙𝜙. (◇𝜆𝜆𝜙𝜙 → □𝜆𝜆𝜙𝜙) ∧ (𝜆𝜆𝜙𝜙 ↔ 𝜙𝜙) 

This axiom states that there is a sentential operator 𝜆𝜆 ∶ ∗ → ∗ which is modally constant and materially 
equivalent to truth in the present case, effectively asserting the existence of “truth in a case” operators. 
The reasonableness of this axiom is further supported by the fact that it is semantically valid (true in any 
standard semantic model of CIL). 

In this section, I construct the internal cases using quantification over propositions. It is also possible to 
do the construction without propositional quantification, at the cost of some increased complexity. (It 
involves designating two terms of some type to represent the values “true” and “false”, and quantifying 
over that type instead.) 

The extension of a sentence is its truth value, and the intension of a sentence is the pattern of its truth 
values across cases, which may also be called the range of the sentence. Say that a sentence is a proper 
range if it is contingent: 

PR =𝑑𝑑𝑑𝑑 𝜆𝜆𝜙𝜙.◇𝜙𝜙 ∧◇¬𝜙𝜙 

Say that one sentence 𝜙𝜙 is a subrange of another sentence 𝜓𝜓 if 𝜓𝜓 is true in every case where 𝜙𝜙 is: 

SubR =𝑑𝑑𝑑𝑑 𝜆𝜆𝜙𝜙,𝜓𝜓.□(𝜙𝜙 → 𝜓𝜓) 

Finally, say that a sentence is an elementary range if it is a proper range, and it has no other proper 
range as a subrange: 

ElR =𝑑𝑑𝑑𝑑 𝜆𝜆𝜙𝜙. PR(𝜙𝜙) ∧ ∀𝜓𝜓. PR(𝜓𝜓) ∧ SubR(𝜓𝜓,𝜙𝜙) → □(𝜙𝜙 ↔ 𝜓𝜓) 

This is equivalent to saying that 𝜙𝜙 is contingent, and for any contingent 𝜓𝜓 such that □(𝜓𝜓 → 𝜙𝜙), the 
converse implication □(𝜙𝜙 → 𝜓𝜓) also holds. What this means is that an elementary range is a sentence 
which is true in exactly one case: if it was true in zero cases it would not be contingent; if it was true in 
more than one case it would have an inequivalent contingent subrange. 

The predicate ElR is modally constant: 

⊢ MConst(ElR) 

With the axiom of contingency and Bressan’s axiom, it is possible to prove in CIL that there is a strictly 
unique elementary range which is true: 

⊢ □∃𝜙𝜙 ∈ ElR.𝜙𝜙 ∧ ∀𝜓𝜓 ∈ ElR.𝜓𝜓 → □(𝜙𝜙 ↔ 𝜓𝜓) 



Which we can alternatively write as: 

⊢ □∃1□𝜙𝜙 ∈ ElR.𝜙𝜙 

Now, while elementary range which is true in the present case is unique, all the other elementary ranges 
are false and can only be distinguished intensionally. We can represent all cases as extensionally distinct 
if we identify the elementary cases as sentential operators of type ∗ → ∗ which satisfy: 

El =𝑑𝑑𝑑𝑑 𝜆𝜆𝑢𝑢.∃𝜙𝜙 ∈ ElR.∀𝜓𝜓.□�𝑢𝑢𝜓𝜓 ↔ □(𝜓𝜓 ↔ 𝜙𝜙)� 

In other words, the operator 𝑢𝑢 is an elementary case if there is a strictly unique elementary range which 
is the only proposition that satisfies u. We can prove that El is an absolute predicate (in fact strictly 
absolute), which aids in identifying the elementary cases in modal contexts where they are most useful: 

⊢ Abs(El) 

Furthermore, we define another operator acting on the elementary cases: 

Ι =𝑑𝑑𝑑𝑑 𝜆𝜆𝑢𝑢. El(𝑢𝑢) ∧ ∃𝜙𝜙 ∈ 𝑢𝑢.𝜙𝜙 

Meaning 𝑢𝑢 is an elementary case and its corresponding elementary range is true in the present case. 
Thus, Ι𝑢𝑢 is a proposition with the meaning “𝑢𝑢 is the elementary case that happens.” Note that Ι𝑢𝑢 can be 
false either because 𝑢𝑢 is not an elementary case or because it is an elementary case other than the one 
that happens. We can prove the following facts (where 𝑢𝑢 may occur in 𝜙𝜙 in the second fact): 

⊢ □∃1□𝑢𝑢. Ι𝑢𝑢 

⊢ ∃𝑢𝑢. (Ι𝑢𝑢 ∧ 𝜙𝜙) ↔ ∀𝑢𝑢. (Ι𝑢𝑢 → 𝜙𝜙) 

Now we can write a CIL expression 𝑇𝑇(𝜙𝜙,𝑢𝑢) for the sentence “𝜙𝜙 is true in case 𝑢𝑢,” where 𝜙𝜙 is a sentence 
and 𝑢𝑢 is an elementary case: 

𝑇𝑇(𝜙𝜙,𝑢𝑢) ↔𝑑𝑑𝑑𝑑 ◇(Ι𝑢𝑢 ∧ 𝜙𝜙) 

Again, this can be false either because 𝑢𝑢 is not a case or because 𝜙𝜙 is not true in case 𝑢𝑢. If 𝑢𝑢 ∈ El, it can 
be shown that this expression has several useful properties: 

⊢ ∀𝑢𝑢 ∈ El.◇(Ι𝑢𝑢 ∧ 𝜙𝜙) ↔ 𝑇𝑇(𝜙𝜙,𝑢𝑢) ↔ □(Ι𝑢𝑢 → 𝜙𝜙) 

⊢ ∀𝑢𝑢 ∈ El.𝑇𝑇(¬𝜙𝜙,𝑢𝑢) ↔ ¬𝑇𝑇(𝜙𝜙,𝑢𝑢) 

⊢ ∀𝑢𝑢 ∈ El.𝑇𝑇(𝜙𝜙 ∧ 𝜓𝜓,𝑢𝑢) ↔ 𝑇𝑇(𝜙𝜙,𝑢𝑢) ∧ 𝑇𝑇(𝜓𝜓,𝑢𝑢) 

⊢ ∀𝑢𝑢 ∈ El.𝑇𝑇(∀𝑥𝑥.𝜙𝜙,𝑢𝑢) ↔ ∀𝑥𝑥.𝑇𝑇(𝜙𝜙,𝑢𝑢) 

⊢ □𝜙𝜙 ↔ ∀𝑣𝑣 ∈ El.𝑇𝑇(𝜙𝜙, 𝑣𝑣) 

⊢ ∀𝑢𝑢 ∈ El. �𝑇𝑇(□𝜙𝜙, 𝑢𝑢) ↔ ∀𝑣𝑣 ∈ El.𝑇𝑇(𝜙𝜙, 𝑣𝑣)� 

In the last two statements, it must be assumed that the variable 𝑣𝑣 does not occur in 𝜙𝜙, although 𝑢𝑢 can 
occur in 𝜙𝜙. (Our conventions for free and bound variable naming conform with the requirements of the 
proofs in this case, making it easy to remember.) Thus, if 𝜙𝜙 is characterized as necessary or possible by 
quantification over case variable 𝑣𝑣, then 𝑣𝑣 cannot occur in 𝜙𝜙. 



Using this internal case construction, it is possible to define new modalities and structures on the set of 
possible cases within the language of CIL itself, e.g., one can define alternative notions of necessity and 
possibility via an accessibility relation on the set of elementary cases. Below is a detailed example, which 
shows how to axiomatize the temporal-modal structure of “branching histories” from the BH-CIFOL 
paper by Belnap and Müller. 

Branching Histories in CIL 
Introduce a primitive relation ≈𝑚𝑚 between elementary cases, which is a modally constant equivalence 
relation via the following axiom: 

Axiom of Moments: 

i. Modal constancy: ⊢ ∀𝑢𝑢, 𝑣𝑣 ∈ El.◇(𝑢𝑢 ≈𝑚𝑚 𝑣𝑣) → □(𝑢𝑢 ≈𝑚𝑚 𝑣𝑣) 
ii. Reflexivity: ⊢ ∀𝑢𝑢 ∈ El.𝑢𝑢 ≈𝑚𝑚 𝑢𝑢 

iii. Euclidean relation: ⊢ ∀𝑢𝑢, 𝑣𝑣,𝑤𝑤 ∈ El.𝑢𝑢 ≈𝑚𝑚 𝑣𝑣 ∧ 𝑢𝑢 ≈𝑚𝑚 𝑤𝑤 → 𝑣𝑣 ≈𝑚𝑚 𝑤𝑤 

Introduce a second primitive relation <ℎ between elementary cases, and define the corresponding 
relation ≈ℎ of comparability under <ℎ via: 

∀𝑢𝑢, 𝑣𝑣 ∈ El. (𝑢𝑢 ≈ℎ 𝑣𝑣) ↔𝑑𝑑𝑑𝑑 (𝑢𝑢 <ℎ 𝑣𝑣 ∨ 𝑣𝑣 <ℎ 𝑢𝑢 ∨ 𝑢𝑢 = 𝑣𝑣) 

The relation <ℎ is a modally constant strict partial order such that comparability is an equivalence 
relation, so that the set of elementary cases is divided into totally ordered subsets: 

Axiom of Histories: 

i. Modal constancy: ⊢ ∀𝑢𝑢, 𝑣𝑣 ∈ El.◇(𝑢𝑢 <ℎ 𝑣𝑣) → □(𝑢𝑢 <ℎ 𝑣𝑣) 
ii. Irreflexivity: ⊢ ∀𝑢𝑢 ∈ El. ¬(𝑢𝑢 <ℎ 𝑢𝑢) 

iii. Transitivity: ⊢ ∀𝑢𝑢, 𝑣𝑣,𝑤𝑤 ∈ El.𝑢𝑢 <ℎ 𝑣𝑣 ∧ 𝑣𝑣 <ℎ 𝑤𝑤 → 𝑢𝑢 <ℎ 𝑤𝑤 
iv. Transitivity of comparability: ⊢ ∀𝑢𝑢, 𝑣𝑣,𝑤𝑤 ∈ El.𝑢𝑢 ≈ℎ 𝑣𝑣 ∧ 𝑣𝑣 ≈ℎ 𝑤𝑤 → 𝑢𝑢 ≈ℎ 𝑤𝑤 

Symmetry and reflexivity of ≈ℎ are automatic from the definition, so transitivity guarantees that it is an 
equivalence relation. Furthermore, it is also modally constant: 

⊢ ∀𝑢𝑢, 𝑣𝑣 ∈ El.◇(𝑢𝑢 ≈ℎ 𝑣𝑣) → □(𝑢𝑢 ≈ℎ 𝑣𝑣) 

The following axiom ensures that the relations ≈𝑚𝑚 and <ℎ specify the structure of the cases: 

Moment-History Axiom: ⊢ ∀𝑢𝑢, 𝑣𝑣 ∈ El.𝑢𝑢 ≈ℎ 𝑣𝑣 ∧ 𝑢𝑢 ≈𝑚𝑚 𝑣𝑣 → 𝑢𝑢 = 𝑣𝑣 

Define moments (respectively, histories) as modally constant equivalence classes of elementary cases 
under ≈𝑚𝑚 (respectively, under ≈ℎ): 

Mom =𝑑𝑑𝑑𝑑 𝜆𝜆𝜆𝜆. MConst(𝜆𝜆) ∧𝜆𝜆 ⊆ El ∧ ∃𝑢𝑢. (𝜆𝜆𝑢𝑢 ∧ ∀𝑣𝑣 ∈ El.𝜆𝜆𝑣𝑣 ↔ 𝑢𝑢 ≈𝑚𝑚 𝑣𝑣) 

His =𝑑𝑑𝑑𝑑 𝜆𝜆ℎ. MConst(ℎ) ∧ ℎ ⊆ El ∧ ∃𝑢𝑢. (ℎ𝑢𝑢 ∧ ∀𝑣𝑣 ∈ El.ℎ𝑣𝑣 ↔ 𝑢𝑢 ≈ℎ 𝑣𝑣) 

We can prove that Mom and His are themselves modally constant and modally separated predicates, so 
they are absolute (in fact, they are strictly absolute): 

⊢ Abs(Mom) ∧ Abs(His) 



Define the induced relation <𝑐𝑐 between moments, and the corresponding relation ∼𝑐𝑐 of comparability 
under <𝑐𝑐 via the following: 

∀𝜆𝜆,𝑖𝑖 ∈ Mom. (𝜆𝜆 <𝑐𝑐 𝑖𝑖) ↔𝑑𝑑𝑑𝑑 (∃𝑢𝑢, 𝑣𝑣 ∈ El.𝜆𝜆𝑢𝑢 ∧ 𝑖𝑖𝑣𝑣 ∧ 𝑢𝑢 <ℎ 𝑣𝑣) 

∀𝜆𝜆,𝑖𝑖 ∈ Mom. (𝜆𝜆 ∼𝑐𝑐 𝑖𝑖) ↔𝑑𝑑𝑑𝑑 (𝜆𝜆 <𝑐𝑐 𝑖𝑖 ∨ 𝑖𝑖 <𝑐𝑐 𝜆𝜆 ∨ 𝜆𝜆 = 𝑖𝑖) 

Both relations can be shown to be modally constant for moments: 

⊢ ∀𝜆𝜆,𝑖𝑖 ∈ Mom.◇(𝜆𝜆 <𝑐𝑐 𝑖𝑖) → □(𝜆𝜆 <𝑐𝑐 𝑖𝑖) 

⊢ ∀𝜆𝜆,𝑖𝑖 ∈ Mom.◇(𝜆𝜆 ∼𝑐𝑐 𝑖𝑖) → □(𝜆𝜆 ∼𝑐𝑐 𝑖𝑖) 

An alternative definition of a history is a (modally constant) maximal chain of moments under the 
induced causal order: 

MHis =𝑑𝑑𝑑𝑑 𝜆𝜆𝜆𝜆. MConst(𝜆𝜆) ∧ 𝜆𝜆 ⊆ Mom
∧ (∀𝜆𝜆, 𝑖𝑖 ∈ 𝜆𝜆.𝜆𝜆 ∼𝑐𝑐 𝑖𝑖) ∧ (∀𝜆𝜆 ∈ Mom. (∀𝑖𝑖 ∈ 𝜆𝜆.𝜆𝜆 ∼𝑐𝑐 𝑖𝑖) → 𝜆𝜆𝜆𝜆) 

It should be possible to show that there is a one-to-one relationship between both notions of a history; 
specifically, that for every 𝜆𝜆 in MHis, there is exactly one ℎ in His that intersects every moment in 𝜆𝜆; 
and for every ℎ in His, there is exactly one 𝜆𝜆 in MHis that contains every moment intersecting ℎ. 

∀𝜆𝜆. MHis(𝜆𝜆) → ∃1ℎ. His(ℎ) ∧ ∀𝜆𝜆.𝜆𝜆𝜆𝜆 → ∃𝑢𝑢.ℎ𝑢𝑢 ∧ 𝜆𝜆𝑢𝑢 

∀ℎ. His(ℎ) → ∃1𝜆𝜆. MHis(𝜆𝜆) ∧ ∀𝜆𝜆. Mom(𝜆𝜆) ∧ (∃𝑢𝑢.ℎ𝑢𝑢 ∧ 𝜆𝜆𝑢𝑢) → 𝜆𝜆𝜆𝜆 

The following axiom ensures that there is no backwards branching in the causal order: 

Axiom of Branching: ⊢ ∀𝜆𝜆,𝑖𝑖 ∈ Mom. ¬(𝜆𝜆 ∼𝑐𝑐 𝑖𝑖) → ¬∃𝑜𝑜 ∈ Mom.𝜆𝜆 <𝑐𝑐 𝑜𝑜 ∧ 𝑖𝑖 <𝑐𝑐 𝑜𝑜 

And (optionally) this axiom makes it so that all histories meet in the past: 

Axiom of Joining: ⊢ ∀𝜆𝜆,𝑖𝑖 ∈ Mom. ¬(𝜆𝜆 ∼𝑐𝑐 𝑖𝑖) → ∃𝑜𝑜 ∈ Mom.𝑜𝑜 <𝑐𝑐 𝜆𝜆 ∧ 𝑜𝑜 <𝑐𝑐 𝑖𝑖 

Finally, we can combine the relations defined between the elementary cases with the truth in a case 
expression to define operators for settled truth (true in all cases in the present moment), and the past 
and future strict tense operators (true in all cases in the past or future of the present case). 

Sett:Φ ↔𝑑𝑑𝑑𝑑 ∀𝑢𝑢, 𝑣𝑣 ∈ El. �Ι𝑣𝑣 ∧ 𝑣𝑣 ≈𝑚𝑚 𝑢𝑢 → 𝑇𝑇(Φ,𝑢𝑢)� 

WasAlways:Φ ↔𝑑𝑑𝑑𝑑 ∀𝑢𝑢, 𝑣𝑣 ∈ El. �Ι𝑣𝑣 ∧ 𝑢𝑢 <ℎ 𝑣𝑣 → 𝑇𝑇(Φ,𝑢𝑢)� 

WillAlways:Φ ↔𝑑𝑑𝑑𝑑 ∀𝑢𝑢, 𝑣𝑣 ∈ El. �Ι𝑣𝑣 ∧ 𝑣𝑣 <ℎ 𝑢𝑢 → 𝑇𝑇(Φ,𝑢𝑢)� 

The dual operators Pos (true in some case in the present moment) and Was and Will (true in some case 
in the past or future of the present case) may be defined from these as usual. 

Extrapolating from this example, one can see that CIL has the potential to allow a metaphysical theory 
about causation and change to derive the structure of histories and possible worlds from the axioms, 
rather than postulating that structure in the axioms directly. 

  



Numbers 
In this section I will show a way of defining numbers and counting objects within CIL without introducing 
any primitive notions. Numbers can thus be seen as entirely logical constructs, on par with predicates, 
propositions, or the laws of logic themselves. 

Cardinal Numbers 
Two sets have the same cardinality (the size of a set, the number of elements it contains) if we can put 
their elements in a one-to-one correspondence. In the context of a modal logic, we want to be able to 
compare the number of objects that fall under different predicates not just in the same possible case, 
but also across cases. To do this we can use the internal case construction in CIL. 

To count objects 𝑥𝑥 of type 𝜏𝜏 (assume for simplicity that this is an individual type, but the construction 
works the same for objects of any type), we need second-order predicates 𝑁𝑁 of type (𝜏𝜏 → ∗) → ∗ which 
apply to predicates 𝜆𝜆 of type 𝜏𝜏 → ∗ to indicate how many objects are in the set represented by 𝜆𝜆. The 
statement 𝑁𝑁𝜆𝜆 would mean “there are 𝑁𝑁 (extensionally distinct) objects 𝑥𝑥 such that 𝜆𝜆(𝑥𝑥) is true.” We 
count extensions and not intensions; the number of intensions falling under a predicate generally does 
not represent the actual number of objects present. 

Define a four-place relation between a predicate 𝜆𝜆 in elementary case 𝑢𝑢, and a predicate 𝜆𝜆 in case 𝑣𝑣, as 
follows. In this definition, 𝜆𝜆 is a function of type 𝜏𝜏 → 𝜏𝜏. 

〈𝜆𝜆,𝑢𝑢〉 =𝐶𝐶𝑖𝑖 〈𝜆𝜆, 𝑣𝑣〉 ↔𝑑𝑑𝑑𝑑 ∃𝜆𝜆.∀𝑥𝑥. �𝑇𝑇�𝜆𝜆(𝑒𝑒)𝑥𝑥,𝑢𝑢� → 𝑇𝑇�𝜆𝜆(𝑒𝑒)(𝜆𝜆𝑥𝑥),𝑣𝑣��

∧ ∀𝑥𝑥,𝜆𝜆. �𝑇𝑇�𝜆𝜆(𝑒𝑒)𝑥𝑥 ∧ 𝜆𝜆(𝑒𝑒)𝜆𝜆,𝑢𝑢� → �𝑇𝑇(𝑥𝑥 = 𝜆𝜆,𝑢𝑢) ↔ 𝑇𝑇(𝜆𝜆𝑥𝑥 = 𝜆𝜆𝜆𝜆, 𝑣𝑣)��

∧ ∀𝑥𝑥. �𝑇𝑇�𝜆𝜆(𝑒𝑒)𝑥𝑥, 𝑣𝑣� → ∃𝜆𝜆.𝑇𝑇�𝜆𝜆(𝑒𝑒)𝜆𝜆,𝑢𝑢� ∧ 𝑇𝑇(𝑥𝑥 = 𝜆𝜆𝜆𝜆, 𝑣𝑣)� 

This relation asserts the existence of an extensional one-to-one function between the objects under 𝜆𝜆 in 
case 𝑢𝑢 and the objects under 𝜆𝜆 in case 𝑣𝑣. If it is satisfied, the two sets have the same cardinality. This 
can be proved to be an equivalence relation: 

⊢ ∀𝜆𝜆.∀𝑢𝑢 ∈ El. 〈𝜆𝜆,𝑢𝑢〉 =𝐶𝐶𝑖𝑖 〈𝜆𝜆,𝑢𝑢〉 

⊢ ∀𝜆𝜆,𝜆𝜆.∀𝑢𝑢, 𝑣𝑣 ∈ El. 〈𝜆𝜆,𝑢𝑢〉 =𝐶𝐶𝑖𝑖 〈𝜆𝜆, 𝑣𝑣〉 → 〈𝜆𝜆, 𝑣𝑣〉 =𝐶𝐶𝑖𝑖 〈𝜆𝜆,𝑢𝑢〉 

⊢ ∀𝜆𝜆,𝜆𝜆,𝑅𝑅.∀𝑢𝑢, 𝑣𝑣,𝑤𝑤 ∈ El. 〈𝜆𝜆,𝑢𝑢〉 =𝐶𝐶𝑖𝑖 〈𝜆𝜆, 𝑣𝑣〉 ∧ 〈𝜆𝜆, 𝑣𝑣〉 =𝐶𝐶𝑖𝑖 〈𝑅𝑅, 𝑟𝑟〉 → 〈𝜆𝜆,𝑢𝑢〉 =𝐶𝐶𝑖𝑖 〈𝑅𝑅,𝑤𝑤〉 

We want our cardinal number predicates 𝑁𝑁 to apply in all cases to all and only those sets which have 𝑁𝑁 
elements; meaning that if 𝑁𝑁𝜆𝜆 in is true case 𝑢𝑢 and 〈𝜆𝜆,𝑢𝑢〉 =𝐶𝐶𝑖𝑖 〈𝜆𝜆, 𝑣𝑣〉, then it should also be true that 𝑁𝑁𝜆𝜆 
in case 𝑣𝑣. Thus, we define the following third-order predicate of type �(𝜏𝜏 → ∗) → ∗� → ∗: 

Cn =𝑑𝑑𝑑𝑑 𝜆𝜆𝑁𝑁.∃𝑢𝑢 ∈ El.∃𝜆𝜆. �𝑇𝑇(𝑁𝑁𝜆𝜆,𝑢𝑢) ∧ ∀𝑣𝑣 ∈ El.∀𝜆𝜆. (𝑇𝑇(𝑁𝑁𝜆𝜆, 𝑣𝑣) ↔ 〈𝜆𝜆,𝑢𝑢〉 =𝐶𝐶𝑖𝑖 〈𝜆𝜆, 𝑣𝑣〉)� 

The statement Cn(𝑁𝑁) means that the second-order predicate 𝑁𝑁 is a cardinal number. 

There are two cardinal numbers which may be easily defined: 

0 =𝑑𝑑𝑑𝑑 𝜆𝜆𝜆𝜆. ¬∃𝑥𝑥.𝜆𝜆𝑥𝑥 

1 =𝑑𝑑𝑑𝑑 𝜆𝜆𝜆𝜆.∃1𝑥𝑥.𝜆𝜆𝑥𝑥 



Furthermore, we may define the sum of two second-order predicates: 

𝐴𝐴 + 𝐵𝐵 =𝑑𝑑𝑑𝑑 𝜆𝜆𝜆𝜆.∃𝜆𝜆,𝑅𝑅. �𝜆𝜆(𝑒𝑒) ∩ 𝑅𝑅(𝑒𝑒) = ∅ ∧ 𝜆𝜆 = 𝜆𝜆 ∪ 𝑅𝑅 ∧ 𝐴𝐴(𝜆𝜆) ∧ 𝐵𝐵(𝑅𝑅)� 

Assuming the inputs are cardinals, this may be interpreted as stating that there are 𝐴𝐴 + 𝐵𝐵 elements in 𝜆𝜆 
if and only if 𝜆𝜆 is the union of two extensionally disjoint sets, one of size 𝐴𝐴 and one of size 𝐵𝐵. 

From these definitions, it can be proved that every predicate falls under a strictly unique cardinal 
number, that Cn is an absolute predicate, that 0 and 1 are cardinal numbers, and that the sum of any 
two cardinals is a cardinal if that sum is possibly instantiated: 

⊢ ∀𝜆𝜆.∃1□𝑁𝑁 ∈ Cn.𝑁𝑁𝜆𝜆 , ⊢ Abs(Cn) 

⊢ Cn(0) ∧ Cn(1) , ⊢ ∀𝐴𝐴,𝐵𝐵 ∈ Cn. �∃𝜆𝜆.◇(𝐴𝐴 + 𝐵𝐵)(𝜆𝜆)� → Cn(𝐴𝐴 + 𝐵𝐵) 

Natural Numbers 
The natural numbers are all the finite cardinal numbers, generated from 0 by repeatedly adding 1. To 
clearly define them in CIL, we introduce the following concepts. We say that a predicate 𝜆𝜆 is hereditary 
with respect to a relation 𝑅𝑅 if every element 𝜆𝜆, related by 𝑅𝑅 to an element 𝑥𝑥 of 𝜆𝜆, is also in 𝜆𝜆: 

Her(𝜆𝜆,𝑅𝑅) =𝑑𝑑𝑑𝑑 ∀𝑥𝑥.∀𝜆𝜆. �𝜆𝜆(𝑥𝑥) ∧ 𝑅𝑅(𝑥𝑥,𝜆𝜆) → 𝜆𝜆(𝜆𝜆)� 

Then we define the closure of a predicate 𝐴𝐴 under relation 𝑅𝑅 as the predicate which contains only those 
elements which are contained in every superset of 𝐴𝐴 which is hereditary with respect to 𝑅𝑅: 

Clos(𝐴𝐴,𝑅𝑅) =𝑑𝑑𝑑𝑑 ⋂𝜆𝜆𝜆𝜆. �𝐴𝐴 ⊆ 𝜆𝜆 ∧ Her(𝜆𝜆,𝑅𝑅)� 

Finally, we can say that the set of natural numbers is the closure of the initial set strictly consisting of 
only the cardinal number 0, under the relation of the second object being strictly identical to the 
successor of the first object (i.e., the first object plus 1): 

Nn =𝑑𝑑𝑑𝑑 Clos�𝜆𝜆𝑁𝑁.□(𝑁𝑁 = 0), 𝜆𝜆𝐴𝐴,𝐵𝐵.□(𝐴𝐴 + 1 = 𝐵𝐵)� 

It turns out that this simplifies down to something much more readable (where the variable 𝜆𝜆 in this 
expression is a third-order predicate, and 𝑁𝑁 and 𝑀𝑀 are second-order predicates): 

Nn =𝑑𝑑𝑑𝑑 𝜆𝜆𝑁𝑁.∀𝜆𝜆. �𝜆𝜆(0) ∧ ∀𝑀𝑀. �𝜆𝜆(𝑀𝑀) → 𝜆𝜆(𝑀𝑀 + 1)� → 𝜆𝜆(𝑁𝑁)� 

This says that a predicate is a natural number if and only if it satisfies every predicate that is satisfied by 
0 and all its successors. Provably, Nn is modally constant and satisfies all but one of the Peano axioms: 

⊢ MConst(Nn) , ⊢ Nn(0) , ⊢ ∀𝑁𝑁 ∈ Nn. Nn(𝑁𝑁 + 1) 

⊢ ∀𝜆𝜆.𝜆𝜆(0) ∧ ∀𝑁𝑁 ∈ Nn. �𝜆𝜆(𝑁𝑁) → 𝜆𝜆(𝑁𝑁 + 1)� → Nn ⊆ 𝜆𝜆 

⊢ ∀𝑁𝑁. ¬(0 = 𝑁𝑁 + 1) , ⊢ ∀𝑁𝑁 ∈ Nn.□(𝑁𝑁 = 0) ∨ ∃𝑀𝑀 ∈ Nn.□(𝑀𝑀 + 1 = 𝑁𝑁) 

The final Peano axiom may be proven with one additional assumption, which states that every natural 
number is possibly instantiated: 

Axiom of Potential Infinity: ⊢ ∀𝑁𝑁 ∈ Nn.∃𝜆𝜆.◇𝑁𝑁𝜆𝜆 



This lets us prove that every natural number is a cardinal number, that the natural numbers are  
absolute, and that the final Peano axiom holds, so that the predicates under Nn really do behave exactly 
as we expect the natural numbers to: 

⊢ Nn ⊆ Cn , ⊢ Abs(Nn) 

⊢ ∀𝑀𝑀,𝑁𝑁 ∈ Nn.□(𝑀𝑀 + 1 = 𝑁𝑁 + 1) → □(𝑀𝑀 = 𝑁𝑁) 

Note that in CIL we use strict identity in the Peano axioms, to avoid confusion with predicates which are 
extensionally but not intensionally equal to natural numbers. 

Further Numbers 
Positive rational numbers may be defined as equivalence classes of pairs of natural numbers, and 
positive real numbers may be defined as equivalence classes of Cauchy sequences of positive rational 
numbers. Integers, rationals, and reals may be defined using equivalence classes of pairs of natural 
numbers, positive rationals, and positive reals, respectively (or the rationals may be defined from the 
integers, and the reals from the rationals). 

For an example of how such definitions could be used, consider the following. Assume an individual 
domain in some theory includes “material parcels” of some kind (e.g., physical lengths, areas, or 
volumes occupying certain regions) with appropriately defined meet and join operations and a 
congruence relation. Then the ratio between the magnitudes of any two parcels can be defined as the 
unique positive real number containing a Cauchy sequence constructed by a process of approximating 
one parcel with sub-parcels which are exact fractions of the other. 

The construction of the cardinal numbers and natural numbers within CIL shows the expressive power of 
this language; no additional primitive notions and almost no additional axioms are needed to be able to 
use these concepts. A downside is that the typed structure of the language makes numbers specific to 
types: to be able to talk about numbers of predicates or numbers of numbers, we must repeat the 
construction at higher levels. It may be possible to overcome this downside with predicates that can 
operate on multiple different types of expressions, but this increases the complexity of the language. 
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