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Quantum Harmonic Oscillator 
The harmonic oscillator is a model system with applications in many areas of physics. Here we explore 

the classical harmonic oscillator and the corresponding quantum system. 

The Classical Harmonic Oscillator 
Think of a sliding block, constrained to move along one direction on an idealized frictionless surface, 

attached to an idealized spring. The block has mass 𝑚 and the spring has spring constant 𝑘. This is an 

example of the classical one-dimensional harmonic oscillator. 

We want to derive the dynamics of this system from the principle of least action. The action is a physical 

quantity which is the integral over time of another quantity called the Lagrangian, typically equal to the 

difference between the kinetic energy and the potential energy of the system. 

This system has the Lagrangian: 

𝐿(𝑥, �̇�) =
1

2
𝑚�̇�2 −

1

2
𝑘𝑥2 

The principle of least action states that the path that the system follows, given its initial and final states, 

is one which minimizes the action (compared to all possible paths between those states). This leads to 

the classical equation of motion via the Euler-Lagrange equation: 

𝜕𝐿

𝜕𝑥
−

𝑑

𝑑𝑡

𝜕𝐿

𝜕�̇�
= 0 

For the harmonic oscillator, the result is familiar: 

𝑚�̈� = −𝑘𝑥 

Defining 𝜔 = √𝑘 𝑚⁄ , or conversely 𝑘 = 𝑚𝜔2, this has solutions: 

𝑥(𝑡) = 𝐴 cos(𝜔𝑡) + 𝐵 sin(𝜔𝑡) 

This way of finding the equations of motion is called Lagrangian mechanics. We can look at the action 

principle from another perspective, that of Hamiltonian mechanics. First, we define a quantity called the 

canonical momentum: 

𝑝 =
𝜕𝐿

𝜕�̇�
 

For the harmonic oscillator, the momentum has the familiar form: 

𝑝 = 𝑚�̇� 

Now we find the Hamiltonian function. The Hamiltonian is derived from the Lagrangian and expressed in 

terms of 𝑥 and 𝑝 rather than 𝑥 and �̇� (if the equation for 𝑝 is invertible): 

𝐻(𝑥, 𝑝) = 𝑝�̇�(𝑥, 𝑝) − 𝐿(𝑥, �̇�(𝑥, 𝑝)) 

Typically, the Hamiltonian is the total energy of the system (the sum of the kinetic and potential 

energies), and the quantity 𝑝�̇� is twice the kinetic energy. 



  Matthew Dickau, 2021 

For the harmonic oscillator, the Hamiltonian is: 

𝐻(𝑥, 𝑝) =
1

2𝑚
𝑝2 +

1

2
𝑘𝑥2 

Now the principle of least action leads to Hamilton’s equations to find the equations of motions: 

�̇� =
𝜕𝐻

𝜕𝑝
 , �̇� = −

𝜕𝐻

𝜕𝑥
 

The resulting equations of motion for the oscillator system are: 

�̇� = 𝑝 𝑚⁄  , �̇� = −𝑘𝑥 

These are easily seen to be equivalent to the equation 𝑚�̈� = −𝑘𝑥 derived above. 

Note that because the equations of motion depend only on changes in the Hamiltonian, we can add a 

constant value to the Hamiltonian without affecting the motion of the system in any way. (The same is 

true for the Lagrangian.) 

There is a more fundamental way to look at Hamiltonian mechanics, and that is to see Hamilton’s 

equations as a manifestation of a more general equation. For any function 𝑓(𝑥, 𝑝, 𝑡), its total rate of 

change over time is given by: 

𝑓̇ =
𝜕𝑓

𝜕𝑡
+ {𝑓, 𝐻} 

Where the second term on the right is the Poisson bracket, defined by: 

{𝑓, 𝑔} =
𝜕𝑓

𝜕𝑥

𝜕𝑔

𝜕𝑝
−

𝜕𝑓

𝜕𝑝

𝜕𝑔

𝜕𝑥
 

The system may then be seen as having a phase space, a symplectic structure defined by the Poisson 

bracket between functions on the phase space, and finally a Hamiltonian function on the phase space 

which generates the time evolution via the symplectic structure and the above equation. 

In some problems it is more convenient to change to a different coordinate system on the phase space, 

or we may start with a Hamiltonian and Poisson bracket defined in terms of some arbitrary coordinates. 

Then this more fundamental view of Hamiltonian mechanics is useful. 

For now, we use the usual coordinates 𝑥 and 𝑝 for phase space and the canonical Poisson bracket as 

defined above, and we note that the Poisson bracket of the canonical variables is: 

{𝑥, 𝑝} = 1 

An Alternate Classical System 
Sometimes one may come across a system described by a complex degree of freedom with the following 

Lagrangian function (𝑎∗ is the complex conjugate of 𝑎): 

𝐿(𝑎, 𝑎∗, �̇�, �̇�∗) =
i

2
ℏ(𝑎∗�̇� − �̇�∗𝑎) − ℏ𝜔𝑎∗𝑎 
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This may also be written as: 

𝐿(𝑎, 𝑎∗, �̇�, �̇�∗) = iℏ𝑎∗�̇� − ℏ𝜔𝑎∗𝑎 

By taking advantage of the fact that two different Lagrangian functions generate the same equations of 

motion if they differ by a total time derivative, in which case they may be considered equivalent. In this 

case, the difference is the time derivative of (iℏ 2⁄ )𝑎∗𝑎. 

The Euler-Lagrange equations that we can derive from this are: 

𝜕𝐿

𝜕𝑎
−

𝑑

𝑑𝑡

𝜕𝐿

𝜕�̇�
= 0 ,

𝜕𝐿

𝜕𝑎∗
−

𝑑

𝑑𝑡

𝜕𝐿

𝜕�̇�∗
= 0 

Which reduce to the following equation and its complex conjugate: 

�̇� = −i𝜔𝑎 

Note that here we may use the trick where we can sometimes consider a complex variable and its 

conjugate as independent variables for the sake of differentiation. 

To explore further, we switch to real variables (making a prescient choice of scales and units): 

𝑎 = √
𝑚𝜔

2ℏ
(𝑥 +

i

𝑚𝜔
𝑦) , 𝑎∗ = √

𝑚𝜔

2ℏ
(𝑥 −

i

𝑚𝜔
𝑦) 

𝐿(𝑥, 𝑦, �̇�, �̇�) =
1

2
(𝑦�̇� − 𝑥�̇�) −

1

2
𝜔 (𝑚𝜔𝑥2 +

1

𝑚𝜔
𝑦2) 

And if we were so inclined, we could shift this by another total time derivative to write it as: 

𝐿(𝑥, 𝑦, �̇�, �̇�) = 𝑦�̇� −
1

2
𝑚𝜔2𝑥2 −

1

2𝑚
𝑦2 

Now the relevant Euler-Lagrange equations are: 

𝜕𝐿

𝜕𝑥
−

𝑑

𝑑𝑡

𝜕𝐿

𝜕�̇�
= 0 ,

𝜕𝐿

𝜕𝑦
−

𝑑

𝑑𝑡

𝜕𝐿

𝜕�̇�
= 0 

Which, in this case, work out to the following equations of motion: 

�̇� = −𝑚𝜔2𝑥 , �̇� = 𝑦 𝑚⁄  

We can see that these equations may be combined to arrive at: 

�̈� = −𝜔2𝑥 

So, this system has the same solutions to its equations of motion as the simple harmonic oscillator that 

we originally considered. 

When we try to look at things from the Hamiltonian perspective, we encounter a slight difficulty. If we 

use the shifted Lagrangian where the kinetic term is simply 𝑦�̇�, the equations for the momenta 𝑝 

(conjugate to 𝑥) and 𝑞 (conjugate to 𝑦) are: 

𝑝 =
𝜕𝐿

𝜕�̇�
= 𝑦 , 𝑞 =

𝜕𝐿

𝜕�̇�
= 0 
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These equations cannot be inverted to find the velocities. Therefore, we cannot quite follow the regular 

prescription for finding the Hamiltonian, which in this case would be: 

𝐻(𝑥, 𝑦, 𝑝, 𝑞) = 𝑝�̇�(𝑥, 𝑦, 𝑝, 𝑞) + 𝑞�̇�(𝑥, 𝑦, 𝑝, 𝑞) − 𝐿(𝑥, 𝑦, �̇�(𝑥, 𝑦, 𝑝, 𝑞), �̇�(𝑥, 𝑦, 𝑝, 𝑞)) 

Let us try to get as far as we can. Define a function (we may call it the “energy function”) which is like 

the Hamiltonian, but which keeps things in terms of velocities instead of momenta: 

𝐻(𝑥, 𝑦, �̇�, �̇�) =
𝜕𝐿

𝜕�̇�
�̇� +

𝜕𝐿

𝜕�̇�
�̇� − 𝐿 

Something interesting happens: 

𝐻(𝑥, 𝑦, �̇�, �̇�) = 𝐻(𝑥, 𝑦) =
1

2
𝑚𝜔2𝑥2 +

1

2𝑚
𝑦2 

This is just a function of 𝑥 and 𝑦, and contains neither their time derivatives nor their conjugate 

momenta. Note that we get the same result if we use the other Lagrangian (where the kinetic term is 

antisymmetric between 𝑥 and 𝑦), even though the intermediate expressions 𝜕𝐿 𝜕�̇�⁄  and 𝜕𝐿 𝜕�̇�⁄  are 

different. 

Now, the previous discovery that 𝑝 = 𝑦 motivates us to define the Hamiltonian simply as this function, 

and to define the Poisson bracket in the following way: 

{𝑓, 𝑔} =
𝜕𝑓

𝜕𝑥

𝜕𝑔

𝜕𝑦
−

𝜕𝑓

𝜕𝑦

𝜕𝑔

𝜕𝑥
 

Note the relationships: 

{𝑥, 𝑦} = 1 , {𝑦, 𝐻} = −𝑚𝜔2𝑥 , {𝑥, 𝐻} = 𝑦 𝑚⁄  

With these definitions, the Poisson bracket with the Hamiltonian generates the same time evolution as 

the Euler-Lagrange equations, as expected. The result is a system with a two-dimensional phase space, 

with the same symplectic structure and Hamiltonian as the harmonic oscillator with mass 𝑚 and spring 

constant 𝑘 = 𝑚𝜔2. Even though we started with a configuration space described by two real variables 

(or one complex variable), the system behaves like one with only a single real degree of freedom. 

Considering the original complex variable 𝑎, the system is described by the following equations: 

𝐻(𝑎, 𝑎∗) = ℏ𝜔𝑎∗𝑎 

{𝑓, 𝑔} = −
i

ℏ
(

𝜕𝑓

𝜕𝑎

𝜕𝑔

𝜕𝑎∗
−

𝜕𝑓

𝜕𝑎∗

𝜕𝑔

𝜕𝑎
) 

And the notable Poisson brackets are: 

{𝑎, 𝑎∗} = − i ℏ⁄  , {𝑎, 𝐻} = −i𝜔𝑎 

The significance of this will be revealed later. 

As a final note on this system, we could have chosen to scale our independent variables in such a way 

that the Hamiltonian was completely symmetric between 𝑥 and 𝑦. The choice for 𝑥 to correspond to the 

position of the oscillator, and 𝑦 to its momentum, is arbitrary. 
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Quantum Mechanics 
In quantum mechanics, a system is described by a quantum state, which is a vector in an abstract Hilbert 

space, and which evolves according to the Schrödinger equation: 

𝑖ℏ
𝑑

𝑑𝑡
|𝜓⟩ = �̂�|𝜓⟩ 

Where �̂� is the Hamiltonian operator, a linear operator on the Hilbert space, which must be Hermitian 

(equal to its adjoint) and complete (have eigenvectors spanning the whole space). 

According to the usual quantum recipe, the Hamiltonian and other complete Hermitian operators 

correspond to observables, quantities that can be measured from the system; the eigenvalues of such 

operators correspond to the possible results of such measurements; and the probability that the result 

of the measurement will have a given value is found by the Born rule: 

𝑃(𝑂 = 𝑜𝑖) =
⟨𝜓|�̂�𝑖|𝜓⟩

⟨𝜓|𝜓⟩
 

Where �̂�𝑖 is the projection to the 𝑜𝑖 eigenspace of the operator �̂� corresponding to observable 𝑂. The 

quantum state can be normalized so that ⟨𝜓|𝜓⟩ = 1; the overall norm of the state has no physical 

relevance according to quantum mechanics. 

So far, this is merely an algorithm for making empirical predictions about measurements on a physical 

system, not a theory about how the system itself behaves. There are a few ways to turn quantum 

mechanics into a real physical theory. Here, we will suppose a pilot-wave theory. 

In a pilot-wave theory, we postulate that, in addition to the quantum state of the system, there is a 

physical configuration of the system which is guided by the quantum state. The quantum state is a 

complex-valued wavefunction on the configuration space of the system, and the Hamiltonian is a 

differential operator on such functions. The wavefunction generates a velocity field on the configuration 

space which describes the evolution of the physical configuration. 

𝑖ℏ
𝜕𝜓

𝜕𝑡
(𝑞1, … , 𝑞𝑁, 𝑡) = �̂�𝜓(𝑞1, … , 𝑞𝑁, 𝑡) 

𝑑𝑄𝑖

𝑑𝑡
(𝑡) = 𝑣𝑖

𝜓(𝑄1, … , 𝑄𝑁 , 𝑡) 

Specifically, the velocity field is one that follows from the quantum probability current, which can be 

derived from the Schrodinger equation. 

The advantage of pilot-wave theory is that it gives quantum mechanics a clear ontology: there is a 

precise description of what is going on at the microphysical level, and there is no measurement 

problem. The meaning of the wavefunction is greatly clarified as well: it generates the evolution of the 

physical configuration. Furthermore, on this view, the Born rule (and the algorithm for making empirical 

predictions) is not fundamental. Rather, it arises from an analysis of how the physical configuration 

tends to be distributed, given the way it is guided by the wavefunction. 

If all this seems rather abstract, well, it is. Let us try to make it more concrete. 
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The Quantum Harmonic Oscillator 
For a quantum version of our harmonic oscillator, we make the following decisions: 

- The configuration space of the oscillator is simply the space of its possible positions, described 

by the coordinate 𝑥. 

- The quantum state is a complex-valued wavefunction on the configuration space (i.e., a 

complex-valued function of 𝑥). 

- The observables 𝑥 and 𝑝 are upgraded to operators 𝑥 and �̂� such that the commutator of the 

operators is iℏ times the Poisson bracket of the classical variables. 

- Finally, the classical Hamiltonian 𝐻 is upgraded to the operator �̂� through its dependence on 

the basic variables 𝑥 and 𝑝. 

Why on earth do we do things this way? Well, there are reasons, but the one I will give is simply that 

physicists have figured out that something like this works to describe the world we live in. 

To fill out this account, the quantum state |𝜓⟩ corresponds to a function 𝜓(𝑥, 𝑡). The function must be 

square-integrable, so that we can define the inner product: 

⟨𝜙|𝜓⟩ = ∫ 𝜙∗(𝑥, 𝑡)𝜓(𝑥, 𝑡) 𝑑𝑥
∞

−∞

 

With this inner product (and the basic fact that we can multiply functions by complex numbers and add 

them together in linear combinations, i.e., superpositions) the space of wavefunctions is a Hilbert space. 

The linear operators, naturally, are any transformations which take functions to other functions while 

preserving superpositions. 

Note that the adjoint of a linear operator is defined by the equation: 

⟨𝜙|�̂�†𝜓⟩ = ⟨�̂�𝜙|𝜓⟩ 

Since {𝑥, 𝑝} = 1, to get the correct correspondence between the classical and quantum observables, the 

operators 𝑥 and �̂� must satisfy the commutation relation: 

[𝑥, �̂�] = iℏ 

Therefore, we define: 

𝑥𝜓 = 𝑥𝜓 , �̂�𝜓 = −iℏ
𝜕𝜓

𝜕𝑥
 

Which results in the correct commutator, as we can verify: 

[𝑥, �̂�]𝜓 = (𝑥�̂� − �̂�𝑥)𝜓 = −iℏ𝑥
𝜕

𝜕𝑥
(𝜓) + iℏ

𝜕

𝜕𝑥
(𝑥𝜓) = iℏ𝜓 

It is also straightforward to verify that these operators are Hermitian, using the definition of the inner 

product (and integration by parts for the �̂� operator). The eigenfunctions of these operators are not 

proper wavefunctions: the eigenfunctions of 𝑥 are delta functions and the eigenfunctions of �̂� have 

infinite norm. However, there is a technical sense in which every wavefunction can be written as a 

superposition of these improper functions, so 𝑥 and �̂� are also complete. 
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Finally, substituting the operators for the canonical variables into the classical Hamiltonian function, we 

arrive at the quantum Hamiltonian for our simple harmonic oscillator: 

�̂� =
1

2𝑚
�̂�2 +

1

2
𝑚𝜔2�̂�2 

Thus, the Schrödinger Equation takes the form of the following partial differential equation: 

iℏ
𝜕𝜓

𝜕𝑡
= −

ℏ2

2𝑚

𝜕2𝜓

𝜕𝑥2
+

1

2
𝑚𝜔2𝑥2𝜓 

In addition to the wavefunction on configuration space, in the pilot-wave theory we postulate that the 

harmonic oscillator has an actual position, which we will denote 𝑋. The Guidance Equation is: 

𝑑𝑋

𝑑𝑡
= 𝑣𝜓(𝑋, 𝑡) , 𝑣𝜓 = −

i

2ℏ𝑚|𝜓|2
(𝜓∗

𝜕𝜓

𝜕𝑥
− 𝜓

𝜕𝜓∗

𝜕𝑥
) 

Together, these two equations define the pilot-wave theory for the quantum harmonic oscillator. 

The guidance equation is defined in terms of a time-dependent velocity field, 𝑣𝜓, on the configuration 

space. If we have an ensemble of oscillators with positions distributed according to some probability 

density 𝜌, this distribution evolves in such a way that probability is conserved: 

𝜕𝜌

𝜕𝑡
+

𝜕

𝜕𝑥
(𝜌𝑣𝜓) = 0 

The Schrödinger equation and the guidance equation together imply that 𝜌𝜓 = |𝜓|2 is a solution to this 

continuity equation, so that an ensemble of oscillators which is 𝜌𝜓-distributed remains 𝜌𝜓-distributed 

even as both 𝜓 and the positions of each element in the ensemble evolve. 

Note what happens when we were to add a constant to the Hamiltonian operator: 

�̂�′ = �̂� + 𝐶 

If 𝜓 is a solution to the original Schrodinger equation, then (as one can easily verify) 𝑒−i𝐶𝑡𝜓 is a solution 

to the shifted Schrodinger equation. The wavefunction is simply multiplied by a time-dependent phase, 

which has no effect on either the probability density or the current. Thus, the pilot-wave trajectories are 

not changed when we change the Hamiltonian by a constant value. 

Solving the Schrödinger Equation 
Now let us solve the Schrödinger equation for the quantum harmonic oscillator. We can use the method 

of separation of variables. If we could find eigenfunctions of the Hamiltonian operator, that is, functions 

𝜓𝑛(𝑥) such that: 

�̂�𝜓𝑛 = 𝐸𝑛𝜓𝑛 

Then we could find a solution to the Schrodinger equation of the form 𝜓(𝑥, 𝑡) = 𝜙𝑛(𝑡)𝜓𝑛(𝑥). Here is 

how: since 𝜙𝑛(𝑡) does not depend on 𝑥, we can move through �̂� like a constant: 

iℏ
𝜕𝜙𝑛

𝜕𝑡
(𝑡)𝜓𝑛(𝑥) = 𝜙𝑛(𝑡)�̂�𝜓𝑛(𝑥) = 𝜙𝑛(𝑡)𝐸𝑛𝜓𝑛(𝑥) 
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Dividing by 𝜓𝑛(𝑥) on both sides (we can do this since we want to ensure that the Schrodinger equation 

holds where the wavefunction is non-zero), and dividing by iℏ: 

𝜕𝜙𝑛

𝜕𝑡
(𝑡) = −

i

ℏ
𝐸𝑛𝜙𝑛(𝑡) 

The solution to this equation is: 

𝜙𝑛(𝑡) = 𝐶𝑛𝑒−𝑖𝐸𝑛𝑡 ℏ⁄  

Then a more general solution to the Schrodinger equation can be written as a superposition of such 

functions, since the equation in linear in 𝜓: 

𝜓(𝑥, 𝑡) = ∑ 𝐶𝑛𝑒−𝑖𝐸𝑛𝑡 ℏ⁄ 𝜓𝑛(𝑥) 

Solving the Schrodinger equation is therefore reduced to finding eigenfunctions of �̂�. To do that, we will 

follow what is by now a well-worn path in physics. 

Taking inspiration from the complex variable 𝑎 in the alternate classical system we explored earlier, 

define two operators �̂� and �̂�†, which are adjoint to each other: 

�̂� = √
𝑚𝜔

2ℏ
(�̂� +

i

𝑚𝜔
�̂�) , �̂�† = √

𝑚𝜔

2ℏ
(𝑥 −

i

𝑚𝜔
�̂�) 

We will call these the lowering and raising operator, respectively, the reason for which will become clear 

soon. Collectively they are called the ladder operators. Inverting to find 𝑥 and �̂� in terms of �̂� and �̂�†: 

𝑥 = √
ℏ

2𝑚𝜔
(�̂�† + �̂�) , �̂� = −i√

ℏ𝑚𝜔

2
(�̂� − �̂�†) 

When we substitute this into the expression for the Hamiltonian operator, it works out to: 

�̂� =
ℏ𝜔

2
(�̂�†�̂� + �̂��̂�†) 

This looks almost like the alternate classical expression for the Hamiltonian, 𝐻 = ℏ𝜔𝑎∗𝑎, but not quite. 

By adding and subtracting (ℏ𝜔 2⁄ )�̂�†�̂� we can show that it is equivalent to: 

�̂� = ℏ𝜔�̂�†�̂� +
ℏ𝜔

2
[�̂�, �̂�†] 

The commutator [�̂�, �̂�†] can be shown to be equal to 1 by expanding in terms of 𝑥 and �̂�; as might be 

expected, this is iℏ times the Poisson bracket of the corresponding classical variables. So �̂� picks up a 

constant term ℏ𝜔 2⁄  when expressed using �̂� and �̂�†, compared to the classical expression. 

We could redefine the Hamiltonian to remove this constant term, since doing so affects none of the 

empirical or physical consequences of the theory. Whether we do so is merely a matter of convenience. 

Now define the number operator (again, the reason for the name will become clear soon): 

�̂� = �̂�†�̂� 
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In terms of �̂� the Hamiltonian is: 

�̂� = ℏ𝜔 (�̂� +
1

2
) 

From which we see that eigenfunctions of the Hamiltonian (i.e., states of definite energy) are also 

eigenfunctions of this so-called number operator. 

Suppose that 𝜉 is an eigenfunction of �̂� with eigenvalue 𝑛: 

�̂�𝜉 = 𝑛𝜉 

Calculate the inner product ⟨𝜉|�̂�𝜉⟩ in two different ways: 

⟨𝜉|�̂�𝜉⟩ = 𝑛⟨𝜉|𝜉⟩ 

⟨𝜉|�̂�𝜉⟩ = ⟨𝜉|�̂�†�̂�𝜉⟩ = ⟨�̂�𝜉|�̂�𝜉⟩ 

Since the inner product is positive-definite, ⟨𝜓|𝜓⟩ ≥ 0 for any wavefunction 𝜓. This implies that ⟨𝜉|𝜉⟩ is 

non-negative, and so is ⟨�̂�𝜉|�̂�𝜉⟩. From this we can see that 𝑛 ≥ 0 as well; the eigenvalues of �̂� must be 

all be non-negative real numbers. 

According to the above, the lowest possible eigenvalue for �̂� is 0. Suppose that 𝜓0 is an eigenfunction 

with this eigenvalue: �̂�𝜓0 = 0. Then: 

⟨𝜓0|�̂�𝜓0⟩ = 0 = ⟨�̂�𝜓0|�̂�𝜓0⟩ 

By the positive-definite property of the inner product, this implies that �̂�𝜓0 = 0. Conversely, if �̂�𝜓0 = 0 

then �̂�𝜓0 = 0; so that �̂� annihilates a wavefunction if and only if �̂� does. There is a unique function (up 

to normalization) which has this property. �̂�𝜓0 = 0 reduces to the differential equation: 

𝜕𝜓0

𝜕𝑥
+

𝑚𝜔𝑥

ℏ
𝜓0 = 0 

Which has the following solution: 

𝜓0(𝑥) = 𝜅0𝑒−𝑚𝜔𝑥2 2ℏ⁄  , 𝜅0 = (2𝑚𝜔 𝜏ℏ⁄ )1 4⁄  

Where the constant 𝜅0 is chosen so that ⟨𝜓0|𝜓0⟩ = 1. This is the ground-state wavefunction for the 

quantum harmonic oscillator, the eigenfunction of �̂� with the smallest possible eigenvalue. It turns out 

that we can use the properties of �̂� and �̂�† to find all the other eigenfunctions, without solving any other 

differential equations. 

First, find two commutation relations: 

[�̂�, �̂�†] = �̂�† , [�̂�, �̂�] = −�̂� 

Verify, using the fact that [�̂�, �̂�†] = 1, and so [�̂�†, �̂�] = −1: 

�̂��̂�† − �̂�†�̂� = �̂�†�̂��̂�† − �̂�†�̂�†�̂� = �̂�†(�̂��̂�† − �̂�†�̂�) = �̂�†[�̂�, �̂�†] = �̂�† 

�̂��̂� − �̂��̂� = �̂�†�̂��̂� − �̂��̂�†�̂� = (�̂�†�̂� − �̂��̂�†)�̂� = [�̂�†, �̂�]�̂� = −�̂� 
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Now, given that 𝜉 is an eigenfunction of �̂�, we can show that �̂�†𝜉 and �̂�𝜉 (if they are non-zero) are also 

eigenfunctions of �̂�, with eigenvalues precisely 1 greater and 1 less, respectively: 

�̂��̂�†𝜉 = (𝑛 + 1)�̂�†𝜉 , �̂��̂�𝜉 = (𝑛 − 1)�̂�𝜉 

Verify: 

�̂��̂�†𝜉 = (�̂��̂�† + �̂�†�̂� − �̂�†�̂�)𝜉 = �̂�†�̂�𝜉 + [�̂�, �̂�†]𝜉 = 𝑛�̂�†𝜉 + �̂�†𝜉 

�̂��̂�𝜉 = (�̂��̂� + �̂��̂� − �̂��̂�)𝜉 = �̂��̂�𝜉 + [�̂�, �̂�]𝜉 = 𝑛�̂�𝜉 − �̂�𝜉 

This is the origin of the names for the ladder operators; they raise and lower the eigenvalue of an 

eigenfunction of �̂� by 1. 

So, we can find eigenfunctions of �̂� for any positive integer eigenvalue 𝑛 by iteratively applying �̂�† to 

the ground-state. (It is possible to show that we never reach a function for which �̂�†𝜓 = 0 in this way, 

so these are indeed all eigenfunctions.) Furthermore, only the non-negative integers are eigenvalues of 

the number operator. Here is why. 

Assume 𝜉 is an eigenfunction of �̂� with non-integer positive real eigenvalue 𝑟. Since 𝑟 is non-zero, �̂�𝜉 is 

non-zero as well (otherwise 𝜉 would be the ground state, which has eigenvalue 0). If 𝑟 > 1 we can apply 

the lowering operator to find another eigenfunction of �̂� with eigenvalue 𝑟 − 1. But we can keep doing 

this until the eigenvalue is less than 0, which is a contradiction: eigenvalues of �̂� must be greater than 0. 

Therefore, �̂� has all and only the non-negative integers as eigenvalues. And thus, we call it the number 

operator; it counts the number of excitations in the quantum state. 

We can find the wavefunctions for all the excited states as follows. Assume for each natural number that 

𝜓𝑛 is the eigenfunction of �̂� with eigenvalue 𝑛, choosing unit normalization: 

�̂�𝜓𝑛 = 𝑛𝜓𝑛 , ⟨𝜓𝑛|𝜓𝑛⟩ = 1 

We know the following, for some series of constants 𝑐𝑛
+ and 𝑐𝑛

−: 

�̂�†𝜓𝑛 = 𝑐𝑛
+𝜓𝑛+1 , �̂�𝜓𝑛 = 𝑐𝑛

−𝜓𝑛−1 

Calculate: 

⟨�̂�†𝜓𝑛|�̂�†𝜓𝑛⟩ = |𝑐𝑛
+|2⟨𝜓𝑛+1|𝜓𝑛+1⟩ = |𝑐𝑛

+|2 

⟨�̂�†𝜓𝑛|�̂�†𝜓𝑛⟩ = ⟨𝜓𝑛|�̂��̂�†𝜓𝑛⟩ = ⟨𝜓𝑛|(�̂� + [�̂�, �̂�†])𝜓𝑛⟩ = (𝑛 + 1)⟨𝜓𝑛|𝜓𝑛⟩ = 𝑛 + 1 

Showing that |𝑐𝑛
+|2 = 𝑛 + 1, and: 

⟨�̂�𝜓𝑛|�̂�𝜓𝑛⟩ = |𝑐𝑛
−|2⟨𝜓𝑛−1|𝜓𝑛−1⟩ = |𝑐𝑛

−|2 

⟨�̂�𝜓𝑛|�̂�𝜓𝑛⟩ = ⟨𝜓𝑛|�̂�†�̂�𝜓𝑛⟩ = 𝑛⟨𝜓𝑛|𝜓𝑛⟩ = 𝑛 

Showing that |𝑐𝑛
−|2 = 𝑛. Since we are free to choose overall phases of the wavefunctions, we can set up 

the normalization so that: 

�̂�†𝜓𝑛 = √𝑛 + 1𝜓𝑛+1 , �̂�𝜓𝑛 = √𝑛𝜓𝑛−1 
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Using the first of these equations recursively, we can find that: 

𝜓𝑛 =
(�̂�†)

𝑛

√𝑛!
𝜓0 

And this gives us the wavefunctions for all the excited states of the harmonic oscillator. To arrive at 

explicit expressions, substitute in the expressions for the ground state and the raising operator: 

𝜓𝑛(𝑥) =
𝜅0

√𝑛!
(

𝑚𝜔

2ℏ
)

𝑛
2

(𝑥 −
ℏ

𝑚𝜔

𝜕

𝜕𝑥
)

𝑛

(𝑒−𝑚𝜔𝑥2 2ℏ⁄ ) 

Which we rewrite using a change of variables 𝑧 = √𝑚𝜔 ℏ⁄ 𝑥: 

𝜓𝑛(𝑧) =
𝜅0

√2𝑛𝑛!
(𝑧 −

𝜕

𝜕𝑧
)

𝑛

(𝑒−𝑧2 2⁄ ) 

Now, there is a class of polynomials called Hermite polynomials, defined by either of the following two 

equations: 

𝐻𝑛(𝑧) = 𝑒𝑧2 2⁄ (𝑧 −
𝜕

𝜕𝑧
)

𝑛

(𝑒−𝑧2 2⁄ ) = (−1)𝑛𝑒𝑧2 𝜕𝑛

𝜕𝑧𝑛 (𝑒−𝑧2
) 

Both of which lead to the recursion relationship: 

𝐻0(𝑧) = 1 , 𝐻𝑛(𝑧) = 2𝑧𝐻𝑛−1(𝑧) −
𝜕𝐻𝑛−1

𝜕𝑧
(𝑧) 

From which we can see that 𝐻𝑛(𝑧) is a degree 𝑛 polynomial with leading coefficient 2𝑛 (and which is 

even or odd as 𝑛 is even or odd). This allows us to write all the eigenfunctions of �̂�: 

𝜓𝑛(𝑥) =
𝜅0

√2𝑛𝑛!
𝐻𝑛 (√

𝑚𝜔

ℏ
𝑥) 𝑒−𝑚𝜔𝑥2 2ℏ⁄  

Since the Hermite polynomials 𝐻𝑛 are non-zero, all these functions are non-zero, demonstrating that �̂� 

does indeed have every non-negative integer as its eigenvalues. 

It can be shown (e.g., via Sturm-Liouville theory) that any square-integrable function of 𝑥 can be written 

as a superposition of these energy eigenstates, analogously to how any periodic function can be written 

as a Fourier series. In fact, these eigenstates are orthonormal with respect to the inner product, so that 

the decomposition of a function into its components in this superposition is straightforward: 

⟨𝜓𝑚|𝜓𝑛⟩ = ∫ 𝜓𝑚
∗ 𝜓𝑛 𝑑𝑥

∞

−∞

= 𝛿𝑚𝑛 

Their orthonormality can be shown using the corresponding orthogonality property of the Hermite 

polynomials (which can itself be proven using their definition and repeated integration by parts): 

∫ 𝐻𝑚(𝑧)𝐻𝑛(𝑧)𝑒−𝑧2
 𝑑𝑧

∞

−∞

= 2𝑛𝑛! √𝜏 2⁄ 𝛿𝑚𝑛 
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The completeness property (i.e., that any wavefunction can be written as a superposition of the 𝜓𝑛) is 

more difficult to demonstrate, and I will simply assume it. It is related to the closure relations: 

∑ 𝜓𝑛
∗(𝑥′)𝜓𝑛(𝑥)

∞

𝑛=0

= 𝛿(𝑥 − 𝑥′) 

Now let us return to the Hamiltonian of the quantum harmonic oscillator: 

�̂� = ℏ𝜔�̂� 

Here we have chosen to redefine the operator by subtracting ℏ𝜔 2⁄ , the zero-point energy, to set the 

energy of the ground state to zero. As noted earlier, this simply multiplies the wavefunction solutions of 

the Schrödinger equation by a time-dependent phase, which has no observable consequences and does 

not change the pilot-wave trajectories. 

Now the energy eigenvalues are just non-negative integer multiples of ℏ𝜔. Then the general solution to 

the Schrödinger equation, with initial quantum state 𝜓(𝑥, 0) = 𝜙(𝑥), is: 

𝜓(𝑥, 𝑡) = ∑ 𝐶𝑛𝑒−𝑖𝑛𝜔𝑡𝜓𝑛(𝑥)

∞

𝑛=0

 , 𝐶𝑛 = ⟨𝜓𝑛|𝜙⟩ 

This, together with the guidance equation and the initial actual configuration 𝑋(0), is everything we 

need to describe the quantum harmonic oscillator. 

An interesting feature of the 1-dimensional quantum harmonic oscillator is that, when the wavefunction 

is a pure energy eigenstate, the phase of the wavefunction has no dependence on 𝑥. In such a state, the 

pilot-wave velocity is zero – the actual configuration of the oscillator remains in place, motionless. Only 

when we have superpositions of different energy eigenstates do we find motion of the particle. 

It is possible to find wavefunctions where we do have a close approximation to the classical oscillatory 

motion of the particle. These are called coherent states, and they are eigenfunctions of the lowering 

operator for any complex number 𝛼: 

�̂�𝜉𝛼 = 𝛼𝜉𝛼 

𝜉𝛼 = 𝑒−
1
2

|𝛼|2

∑
𝛼𝑛

√𝑛!
𝜓𝑛

∞

𝑛=0

= 𝑒𝛼�̂�†−𝛼∗�̂�𝜓0 

The number of excitations in a coherent state obeys a Poisson distribution with mean and variance 

equal to |𝛼|2, and the distributions of position and momentum are Gaussian with expectation values 

proportional to the real and imaginary parts of 𝛼. Time evolution of 𝜉𝛼 simply rotates 𝛼 to 𝛼𝑒−𝑖𝜔𝑡, so 

the states remain coherent. This means that the average values of 𝑥 and 𝑝 in these states obey the 

classical equations of motion; the wave packet itself oscillates back and forth in simple harmonic 

motion, carrying the actual configuration 𝑋 along with it. 

Coherent states are also minimum uncertainty wave packets, satisfying the minimum value of the 

uncertainty principle 𝜎𝑥𝜎𝑝 ≥ ℏ 2⁄  with balanced variances 𝜎𝑥
2 = ℏ 2𝑚𝜔⁄  and 𝜎𝑝

2 = ℏ𝑚𝜔 2⁄ . These 

features make coherent states useful for certain problems. 
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Application to Field Theory 
In a theory where the configuration variable is a field in space rather than the position of a particle, one 

commonly finds that the modes of the field behave approximately as independent harmonic oscillators. 

An example is a real scalar field 𝜙(𝑡, 𝑥) in one dimension, restricted to a line of length ℓ with periodic 

boundary conditions. (In the following I use units where ℏ = 1.) 

For simplicity we can make this field have a finite number of degrees of freedom by truncating the mode 

expansion to only include modes between −𝑀 and 𝑀; this is equivalent to introducing 𝑁 = 2𝑀 + 1 

equally spaced lattice points 𝑥𝑛 and only keeping track of the field values 𝜙𝑛 at those points: 

𝜙(𝑡, 𝑥) =
1

ℓ1 2⁄
∑ Φ𝑛(𝑡)𝑒i𝑘𝑛𝑥

𝑀

𝑛=−𝑀

 , 𝑘𝑛 = 𝑛𝜏 ℓ⁄ = 𝑛Δ𝑘 

𝜙𝑛(𝑡) = 𝜙(𝑡, 𝑥𝑛) , 𝑥𝑛 = 𝑛ℓ 𝑁⁄ = 𝑛Δ𝑥 

Where the mode coefficients satisfy Φ𝑛
∗ (𝑡) = Φ−𝑛(𝑡). The field values at the lattice points are related to 

the mode coefficients by a discrete Fourier transform: 

𝜙𝑛(𝑡) =
1

ℓ1 2⁄
∑ Φ𝑚(𝑡)𝑒i𝑘𝑚𝑥𝑛

𝑀

𝑚=−𝑀

 , Φ𝑛(𝑡) =
1

ℓ1 2⁄
∑ 𝜙𝑚(𝑡)𝑒−i𝑘𝑛𝑥𝑚

𝑀

𝑚=−𝑀

Δ𝑥 

In the classical theory, the field turns out to have a conjugate momentum density 𝜋(𝑡, 𝑥) = 𝜕𝑡𝜙(𝑡, 𝑥), 

from which we can extract lattice point values 𝜋𝑛(𝑡) = 𝜋(𝑡, 𝑥𝑛) and the mode coefficients: 

𝜋(𝑡, 𝑥) =
1

ℓ1 2⁄
∑ Π𝑛(𝑡)𝑒i𝑘𝑛𝑥

𝑀

𝑛=−𝑀

 , Π𝑛(𝑡) =
1

ℓ1 2⁄
∑ 𝜋𝑚(𝑡)𝑒−i𝑘𝑛𝑥𝑚

𝑀

𝑚=−𝑀

Δ𝑥 

Finally, the field turns out to have the following Hamiltonian, where the 𝜔𝑛 are the natural frequencies 

of each mode (obeying a dispersion relation such as 𝜔𝑛
2 = 𝑘𝑛

2 + 𝑚2): 

𝐻 = ∑
1

2
Π𝑛

∗ Π𝑛 +
1

2
𝜔𝑛

2Φ𝑛
∗ Φ𝑛

𝑀

𝑛=−𝑀

 

By taking the configuration space to consist of the space of different possible values of the 𝜙𝑛, we can 

introduce operators on the space of complex functions on this configuration space: 

�̂�𝑛 = 𝜙𝑛 , �̂�𝑛 = −
i

Δ𝑥

𝜕

𝜕𝜙𝑛
 

Then let Φ̂𝑛 and Π̂𝑛 be the Fourier transforms of these operators, which obey the following conditions 

coming from the fact that the field is real-valued: 

Φ̂𝑛
† = Φ̂−𝑛 , Π̂𝑛

† = Π̂−𝑛 

And have the commutation properties: 

[Φ̂𝑚, Φ̂𝑛] = [Π̂𝑚, Π̂𝑛] = 0 , [Φ̂𝑚, Π̂𝑛
†] = i𝛿𝑚𝑛 
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Now if we define annihilation and creation operators by the following equations: 

�̂�𝑛 = √
𝜔𝑛

2
(Φ̂𝑛 +

i

𝜔𝑛
Π̂𝑛) , �̂�𝑛

† = √
𝜔𝑛

2
(Φ̂𝑛

† −
i

𝜔𝑛
Π̂𝑛

†) 

It can be shown that they have these commutation properties: 

[�̂�𝑛, �̂�𝑚] = [�̂�𝑛
† , �̂�𝑚

† ] = 0 , [�̂�𝑛, �̂�𝑚
† ] = 𝛿𝑚𝑛 

Which say that the ladder operators from different modes commute with each other, and the ladder 

operators of each mode have the same commutation relationship as the ones for a quantum harmonic 

oscillator. This entails that �̂�𝑛
† �̂�𝑛, the number operator for the 𝑛-th mode, has all the non-negative 

integers as eigenvalues. Furthermore, the creation and annihilation operators can be used to raise and 

lower the wavefunction from one eigenstate to another. 

Finally, the quantum Hamiltonian for this system works out to be: 

�̂� = ∑
1

2
Π̂𝑛

†Π̂𝑛 +
1

2
𝜔𝑛

2Φ̂𝑛
†Φ̂𝑛

𝑀

𝑛=−𝑀

= ∑ 𝜔𝑛 (�̂�𝑛
† �̂�𝑛 +

1

2
)

𝑀

𝑛=−𝑀

 

The result is a quantum field where each of its modes behaves as a quantum harmonic oscillator, able to 

receive a discrete number of excitations. Each discrete excitation is associated with an amount of energy 

proportional to 𝜔𝑛 and an amount of momentum proportional to 𝑘𝑛. We can interpret these excitations 

as quantum particles, and specifically, as bosons (since multiple particles can be in the same energy and 

momentum state). 
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