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Pilot-Wave Guidance Equations 
Pilot-wave theory is a way of giving quantum mechanics a clear ontology, specifying what exists at the 

microphysical level and how it behaves, without recourse to any measurement postulates. The physical 

system has an actual configuration which is guided by the quantum state, typically a complex-valued 

function on the system’s configuration space. This document outlines one method for the construction 

of the guidance equations for such a theory. 

Preliminaries 
Let us say the system of interest has an 𝑁-dimensional configuration space with a natural volume form 

(such as the volume form induced by a metric). A point in this configuration space represents an actual 

configuration of the system. The quantum state is a complex-valued function on this space. An inner 

product is defined between two quantum states: 

〈𝜙|𝜓〉 = ∫ 𝜙∗𝜓 𝑑Ω 

The volume form 𝑑Ω is used in the definition of the integral over the configuration space, and the 

functions are assumed to be square-integrable. 

Let us also assume that we have a set of 𝑁 vector fields, 𝒆𝒊, which are linearly independent at each point 

of the configuration space and so form a basis for the tangent space. These vector fields do not need to 

commute. That is, the Lie brackets [𝒆𝒊, 𝒆𝒋] may be non-zero in general. (Thus, the vector fields might not 

be the natural basis vectors of any coordinate system.) However, the divergence of the vector fields is 

required to be zero: 

∇ ⋅ 𝒆𝒊 = 0 

Where the divergence may be defined in terms of the Lie derivative of the volume form: 

ℒ𝒗(𝑑Ω) = (∇ ⋅ 𝒗)𝑑Ω 

For a Riemannian manifold where the volume form is determined by the metric tensor 𝑔, the formula 

for the divergence (expressing the vector field and the metric in the natural coordinate basis) is: 

∇ ⋅ 𝒗 =
1

√det 𝑔𝜇𝜈

𝜕𝜆 (√det 𝑔𝜇𝜈 𝑣𝜆) , 𝒗 = 𝑣𝜆𝜕𝜆 

Now, there is a generalization of the integration by parts formula, for any two functions 𝜙 and 𝜓: 

∫ 𝜙∇𝒗𝜓 𝑑Ω = ∮ 𝜙𝜓𝒗 ⋅ 𝒅𝝎 − ∫(𝜓∇𝒗𝜙 + 𝜙𝜓∇ ⋅ 𝒗) 𝑑Ω 

Where the first term on the right side is the flux of 𝜙𝜓𝒗 across the boundary of the region. When 𝜙𝜓𝒗 

vanishes on the boundary or at infinity, or if the region of integration is a closed manifold, the flux is 

zero. (We assume that this condition always holds where relevant.) Given that the frame fields are 

divergence-free and using the shorthand ∇𝑖 = ∇𝒆𝒊
, this identity reduces to: 

∫ 𝜙∇𝑖𝜓 𝑑Ω = − ∫ 𝜓∇𝑖𝜙 𝑑Ω 
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This implies that the operator i∇𝑖 is Hermitian relative to the inner product, though note that products 

of such operators can fail to be Hermitian due to the lack of commutativity. Furthermore, if we have a 

string of derivatives ∇𝑖1
… ∇𝑖𝑛

: 

∫ 𝜙∇𝑖1
… ∇𝑖𝑛

𝜓 𝑑Ω = (−1)𝑛 ∫ 𝜓∇𝑖𝑛
… ∇𝑖1

𝜙 𝑑Ω 

∫(𝜙∇𝑖1
… ∇𝑖𝑛

𝜓 − (−1)𝑛𝜓∇𝑖𝑛
… ∇𝑖1

𝜙) 𝑑Ω = 0 

Thus, 𝜙∇𝑖1
… ∇𝑖𝑛

𝜓 − (−1)𝑛𝜓∇𝑖𝑛
… ∇𝑖1

𝜙 must be expressible as the divergence of some vector field 

which vanishes on the boundary of the region of integration (if there is one), assuming appropriate 

conditions on the vanishing of the functions and their derivatives at the boundary also hold. 

Finally, given our frame of divergence-free vectors 𝒆𝒊, if a vector is expressed in this basis, there is a 

straightforward way to express its divergence: 

∇ ⋅ 𝒗 = ∇ ⋅ (𝑣𝑖𝒆𝒊) = ∇𝒆𝒊
𝑣𝑖 + 𝑣𝑖∇ ⋅ 𝒆𝒊 = ∇𝑖𝑣𝑖 

This usefully lets us express the divergence of the vector field in terms of the derivatives (in the frame 

field directions) of its components (in the frame field basis). 

Conservation of Probability in Quantum Theory 
When the quantum state is a complex-valued wavefunction and the Hamiltonian operator is a local 

differential operator on configuration space (which it must be for us to have a viable pilot-wave theory), 

the Schrodinger equation takes the form of a differential equation: 

iℏ
𝜕𝜓

𝜕𝑡
= �̂�𝜓 

We can choose to expand the Hamiltonian in terms of derivatives along our frame vectors: 

�̂�𝜓 = ∑ ℎ𝑖1…𝑖𝑛
∇𝑖1

… ∇𝑖𝑛
𝜓 

The coefficients (like the wavefunction) are complex-valued functions on the configuration space, and 

the sum is over all strings of indices, where it is assumed that only a finite number of coefficients are 

non-zero. Using the integration by parts formula, we can note that: 

�̂�𝜓 = �̂�†𝜓 = ∑(−1)𝑛∇𝑖𝑛
… ∇𝑖1

(ℎ𝑖1…𝑖𝑛

∗ 𝜓) 

Since the Hamiltonian must be a Hermitian operator. 

From the Schrodinger equation we can write the following conjugate pair of equations: 

𝜓∗
𝜕𝜓

𝜕𝑡
= −

i

ℏ
𝜓∗(�̂�𝜓) , 𝜓

𝜕𝜓∗

𝜕𝑡
=

i

ℏ
𝜓(�̂�𝜓)

∗
 

And we also note that: 

𝜕

𝜕𝑡
|𝜓|2 = 𝜓

𝜕𝜓∗

𝜕𝑡
+ 𝜓∗

𝜕𝜓

𝜕𝑡
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Therefore: 

𝜕

𝜕𝑡
|𝜓|2 +

i

ℏ
(𝜓∗�̂�𝜓 − 𝜓(�̂�𝜓)

∗
) = 0 

If we can express 𝐼 = (i ℏ⁄ )(𝜓∗�̂�𝜓 − 𝜓(�̂�𝜓)
∗
) as the divergence of a current 𝑱, then this has the form 

of a conservation equation for the probability density 𝜌 = |𝜓|2 with the flow velocity 𝒗: 

𝒗 = 𝑱 𝜌⁄  ,
𝜕𝜌

𝜕𝑡
+ ∇ ⋅ 𝑱 = 0 

This vector field is the desired output of the guidance equation for the pilot-wave theory. We can write 

(using the Hermiticity condition derived earlier): 

𝐼 =
i

ℏ
(𝜓∗�̂�𝜓 − 𝜓(�̂�𝜓)

∗
) =

i

ℏ
(𝜓∗ ∑ ℎ𝑖1…𝑖𝑛

∇𝑖1
… ∇𝑖𝑛

𝜓 − 𝜓 (∑(−1)𝑛∇𝑖𝑛
… ∇𝑖1

(ℎ𝑖1…𝑖𝑛

∗ 𝜓))
∗

) 

𝐼 = ∑ [(
i

ℏ
ℎ𝑖1…𝑖𝑛

𝜓∗) ∇𝑖1
… ∇𝑖𝑛

𝜓 − (−1)𝑛𝜓∇𝑖𝑛
… ∇𝑖1

(
i

ℏ
ℎ𝑖1…𝑖𝑛

𝜓∗)] 

This is a sum of terms of the form 𝜙∇𝑖1
… ∇𝑖𝑛

𝜓 − (−1)𝑛𝜓∇𝑖𝑛
… ∇𝑖1

𝜙 for 𝜙 = (i ℏ⁄ )ℎ𝑖1…𝑖𝑛
𝜓∗. Each of 

these terms is expressible as the divergence of a vector field, and so we can find a vector field with the 

correct divergence by summing contributions from each of these terms. 

Primary Algorithm 
We are looking for a vector field 𝒋𝑖1…𝑖𝑛

[𝜙, 𝜓] such that: 

∇ ⋅ 𝒋𝑖1…𝑖𝑛
[𝜙, 𝜓] = 𝜙∇𝑖1

… ∇𝑖𝑛
𝜓 − (−1)𝑛𝜓∇𝑖𝑛

… ∇𝑖1
𝜙 

We can add and subtract (−1)𝑛−1(∇𝑖𝑛−1
… ∇𝑖1

𝜙)∇𝑖𝑛
𝜓 to arrive at: 

𝜙∇𝑖1
… ∇𝑖𝑛

𝜓 − (−1)𝑛𝜓∇𝑖𝑛
… ∇𝑖1

𝜙

= [𝜙∇𝑖1
… ∇𝑖𝑛−1

(∇𝑖𝑛
𝜓) − (−1)𝑛−1(∇𝑖𝑛

𝜓)∇𝑖𝑛−1
… ∇𝑖1

𝜙]

+ (−1)𝑛−1[(∇𝑖𝑛−1
… ∇𝑖1

𝜙)∇𝑖𝑛
𝜓 + 𝜓∇𝑖𝑛

(∇𝑖𝑛−1
… ∇𝑖1

𝜙)] 

By inspection, this allows us to write a recursive formula for the current: 

𝒋𝑖1…𝑖𝑛
[𝜙, 𝜓] = 𝒋𝑖1…𝑖𝑛−1

[𝜙, ∇𝑖𝑛
𝜓] + (−1)𝑛−1𝒋𝑖𝑛

[∇𝑖𝑛−1
… ∇𝑖1

𝜙, 𝜓] 

Where the base case can be easily verified: 

𝒋𝑖[𝜙, 𝜓] = 𝜙𝜓𝒆𝒊 , ∇ ⋅ (𝜙𝜓𝒆𝒊) = ∇𝑖(𝜙𝜓) = 𝜙∇𝑖𝜓 + 𝜓∇𝑖𝜙 

The desired form for the final current is: 

𝑱 = ∑ 𝒋𝑖1…𝑖𝑛
[(i ℏ⁄ )ℎ𝑖1…𝑖𝑛

𝜓∗, 𝜓] , ∇ ⋅ 𝑱 = 𝐼 

Since 𝐼 is real-valued by construction, if the algorithm returns a current with imaginary terms, those 

terms must have zero total divergence. Therefore, we can simply take the real part of the result to arrive 

at a real-valued current. (In general, we have freedom to adjust the current by any divergence-free 

vector field, and it will still satisfy the conservation equation.) 
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One way to evaluate the real part is simply to use the expression: 

𝑱 =
1

2
∑(𝒋𝑖1…𝑖𝑛

[(i ℏ⁄ )ℎ𝑖1…𝑖𝑛
𝜓∗, 𝜓] + 𝒋𝑖1…𝑖𝑛

[−(i ℏ⁄ )ℎ𝑖1…𝑖𝑛

∗ 𝜓, 𝜓∗]) 

Which is the average of the original current together with the result derived from substituting the 

opposite expressions for �̂� in the defining expression for 𝐼. If �̂� is written in a suitably symmetric way, 

the original current will come out to be real-valued and will be identical to this expression. 

Comments 
The method outlined in this document is a generalization of the one found in the paper by Struyve and 

Valentini, who tacitly assume that the divergence has the following form in the natural coordinate basis 

on configuration space: 

∇ ⋅ 𝒗 = 𝜕𝜆𝑣𝜆 , 𝒗 = 𝑣𝜆𝜕𝜆 

As well, since they only use the coordinate basis, the derivative operators are all mutually commuting. 

By comparison, the method here can be used when the divergence fails to have this form for the chosen 

coordinates, and it can be used with derivative operators which fail to commute. 

The method can be easily adapted to cases where the wavefunction is complex-vector-valued at each 

point in configuration space. In this case, the coefficients ℎ𝑖1…𝑖𝑛
 are matrices, and the current can be 

written: 

𝑱 = ∑ 𝒋𝑖1…𝑖𝑛
[(i ℏ⁄ )𝜓†ℎ𝑖1…𝑖𝑛

, 𝜓] 

(Or the real part of that expression.) The derivatives act on a row or column vector by acting on each 

component, and matrix multiplication is used in place of scalar multiplication where appropriate. 

A drawback of this method is that it assumes that the configuration space of the system is parallelizable 

by divergence-free vector fields, which might not always be the case (for example, the assumption fails 

for the quantum mechanics of a particle constrained to the 2-dimensional surface of a sphere). It seems 

plausible that guidance equations still exist in such cases, but this method must be modified, or another 

method used, in order to find them. 

It is also possible to derive the current as the conserved Noether current associated with the global 

phase symmetry of the wavefunction, considering the Schrodinger equation to arise from an action 

principle as a classical field theory on configuration space. The Lagrangian density is: 

ℒ =
iℏ

2
(𝜓∗

𝜕𝜓

𝜕𝑡
− 𝜓

𝜕𝜓∗

𝜕𝑡
) −

1

2
(𝜓∗�̂�𝜓 + (�̂�𝜓)

∗
𝜓) 

Considering the invariance of ℒ under the transformation 𝜓′ = 𝜓𝑒i𝜃 (with constant 𝜃) leads to the 

conserved charge density 𝜌 = |𝜓|2 and the current 𝑱 identical to the one found above. 

 

https://arxiv.org/abs/0808.0290
https://arxiv.org/abs/0808.0290
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Postscript 
The above method produces a current which is a local functional of the wavefunction in configuration 

space (and it requires that the Hamiltonian is a differential operator as well). An alternative method to 

produce a current satisfying the continuity equation is available if the current is allowed to be a non-

local functional, provided the configuration space has a metric. 

A situation where this might arise is if some approximation is made to make computing the Schrödinger 

equation easier (e.g., restricting the quantum state space to a finite dimensionality). Then the exact 

Hamiltonian �̂�𝑒 is restricted to some �̂�𝑟, which may be written: 

�̂�𝑟 = �̂�𝑒 + (�̂�𝑟 − �̂�𝑒) 

This alternative method may be used to find the probability current for the difference �̂�𝑟 − �̂�𝑒, which 

can then be added as a correction to the probability current derived from �̂�𝑒 by the above method. 

Let ∇2 be the scalar Laplacian operator and 𝐺(𝑞, 𝑞′) the Green’s function for the configuration space. 

∇2𝜙 = ∇ ⋅ (∇𝜙) =
1

√det 𝑔𝜇𝜈

𝜕𝜅 (√det 𝑔𝜇𝜈 𝑔𝜅𝜆𝜕𝜆𝜙) , ∇𝜙 = (𝑔𝜅𝜆𝜕𝜆𝜙)𝜕𝜅 

∇2𝐺(𝑞, 𝑞′) = 𝛿(𝑞, 𝑞′) 

The delta function is defined by the property (integrating over region 𝑅 in the primed coordinates): 

∫ 𝛿(𝑞, 𝑞′) 𝑑Ω′

𝑅

= {
1 , 𝑞 ∈ 𝑅
0 , 𝑞 ∉ 𝑅

 

We can define the inverse of the Laplacian by the equation (integrating over the primed coordinates): 

∇−2𝜙(𝑞) = ∫ 𝐺(𝑞, 𝑞′)𝜙(𝑞′) 𝑑Ω′ 

Then a possible form for the guiding current is as follows: 

𝑱 = ∇(∇−2𝐼) = (i ℏ⁄ )∇ (∇−2(𝜓∗�̂�𝜓 − 𝜓(�̂�𝜓)
∗
)) 

This method does not require the Hamiltonian to be a differential operator. 
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