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Deduction Rules for Case-Intensional Higher-Order Logic 
This document presents the deduction rules used in Case-Intensional Higher-Order Logic (CIHOL), a 

higher-order version of the first-order logic (CIFOL) presented in Belnap and Müller (2012). I believe 

case-intensional logic is a natural way of unifying modal and quantifier logics that deserves further 

consideration. 

I attempt to present this in a way that someone unfamiliar with formal logic can still follow it. Hopefully I 

am at least moderately successful in doing so. 

Here is a brief introduction to what is special about case-intensional logic. The way that case-intensional 

logic unifies modal and quantifier logics is by making it so that every expression in the logic has both an 

extension and an intension. The extension is what the expression refers to in a given case (where a case 

is just a generalization of the concept of a possible world in familiar modal logic semantics). For a 

proposition, the extension is just its truth value in the given case, true or false. For an expression in the 

domain of quantification, the extension is the particular object that the expression refers to, again in the 

given case. 

The intension is the pattern of extensions that the expression takes across cases. In this way, case-

intensional logic allows variables to range not over individuals, but over concepts or descriptions of 

individuals. Furthermore, functions and predicates are allowed to operate on the intensions of 

expressions, not just their extensions. This enables the language to express modal concepts that would 

otherwise be impossible to capture. 

In particular, case-intensional logic provides a way of tracing individuals across cases with the use of 

certain intensional properties. This, I believe, is one of the logic’s greatest advantages. I’ll explain how 

this can be done once I’ve presented the deduction rules. 

Now, let’s start at the beginning. 

Logical Proofs 
A logical proof is a list of statements and/or sub-proofs, which may begin with a set of assumptions or 

axioms, and which derives a conclusion. (Sub-proofs are just proofs within a proof, and they may be 

used to temporarily introduce additional assumptions, or to ensure that only certain assumptions are 

being used from the main proof.) After the initial assumptions, each statement in the proof must be 

derived from previous statements and/or sub-proofs according to one of a number of deduction rules. 

Here is an example of a proof: 

1.  Hypothesis. ¬(𝜙 ∧ ¬𝜋) 

2.   Hypothesis. 𝜙 

3.    Hypothesis. ¬𝜋 

4.   Reassertion (2). 𝜙 

5.    Conjunction introduction (3, 4). 𝜙 ∧ ¬𝜋 

http://philsci-archive.pitt.edu/9375/
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6.   Reassertion (1). ¬(𝜙 ∧ ¬𝜋) 

7.   Contradiction (3-5, 3-6). 𝜋 

8. Conditional introduction (2-7). 𝜙 ⇒ 𝜋 

9. Conditional introduction (1-8). ¬(𝜙 ∧ ¬𝜋) ⇒ (𝜙 ⇒ 𝜋) 

Here is how we might read that proof out: 

Assume that it is not that case that both 𝜙 is true and 𝜋 is false. (1) 

Now assume that 𝜙 is true. (2) 

And now assume that 𝜋 is false. (3) 

Since 𝜙 is true (by assumption), we can now say that both 𝜙 is true and 𝜋 is false. (4, 5) 

But (by assumption) it is not the case that both 𝜙 is true and 𝜋 is false. Because we have created 

a contradiction by assuming that 𝜋 is false, we must conclude that 𝜋 is true (given our first two 

assumptions). (6, 7) 

Since we have concluded that that 𝜋 is true by assuming 𝜙, we can conclude that 𝜙 implies 𝜋 

(given our first assumption). (8) 

And finally, since we have concluded that 𝜙 implies 𝜋 by assuming that it is not that case that 

both 𝜙 is true and 𝜋 is false, we can conclude: if it is not that case that both 𝜙 is true and 𝜋 is 

false, then 𝜙 implies 𝜋. (9) 

The idea of a proof, of course, is to demonstrate with certainty that the conclusion of the proof is a 

logical consequence of the assumptions. If the proof if valid and the assumptions are true, then the 

conclusion is also true. We use the expression: 

Γ ⊢ 𝜋 

to say that we have a proof of statement 𝜋 from a set of assumptions Γ. The above proof can be 

summarized as: 

⊢ ¬(𝜙 ∧ ¬𝜋) ⇒ (𝜙 ⇒ 𝜋) 

meaning that we have proved the statement ¬(𝜙 ∧ ¬𝜋) ⇒ (𝜙 ⇒ 𝜋) starting with no assumptions at all. 

(This statement is a tautology; it remains true whatever propositions you substitute for 𝜙 and 𝜋.) 

Logical Expressions 
Statements in the logic are built up from expressions of different types. Statements themselves are 

expressions in the type of propositions. In contexts where we may want to quantify over some set of 

entities, there may be some other basic types. (For example, you can have types of expressions referring 

to individuals or to some mathematical entities.) 

We use symbols to refer to different types. Expressions referring to propositions are said to be of type ∗. 
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The basic building blocks of expressions are atomic expressions, which are not built up from other 

expressions and have no internal syntactic structure. The two kinds of atomic expressions are constants 

and variables. A constant is a symbol that is assigned a definite unchanging value. A variable, on the 

other hand, can refer to different values: this is the same concept as a variable in algebra. 

In case-intensional logic, all expressions have both an extension in any given case, and an intension, 

which is the pattern of its extensions across all cases. This includes atomic expressions: the extensions of 

constants and variables are case dependent. (What makes a constant different from a variable is that its 

intension is constant, while the intension of a variable may change.) 

Cases may represent possible worlds in alethic modal logic, times in temporal logic, knowledge contexts 

in epistemic modal logic. In CIHOL we use an S5 modal structure for the possibility and necessity 

operators, so that the accessibility relation between cases is reflexive, transitive, and symmetric. 

(If you don’t need any of these modal concepts, you can work in a theory that has only one case. Then 

all propositions become necessary, all intensions are reduced to the extensions in that single case, and 

you recover non-modal logic, formulated as a variant of simple type theory.) 

As an example of how this works, the extensions of propositions are truth values: in any given case, a 

proposition is either true or false. So, we could have that in one case, the proposition “Stanley wins the 

race” is true, while in some other case, “Stanley wins the race” is false. The intension of a proposition is 

then its pattern of truth values across cases. 

As another example, say that expressions of type 𝛾 refer to individuals. Then there might be a particular 

expression of type 𝛾, call it 𝐴, which refers exclusively to the philosopher Aristotle in all cases. (In cases 

where Aristotle does not exist, 𝐴 will have to be given a null extension.) And we might have another 

expression, 𝑆, which similarly refers to Socrates. 

What case-intensional logic allows us to do in such a scenario is to also have an expression, 𝑃, which 

refers to “the most famous philosopher,” who might be Aristotle in some cases and Socrates in other 

cases. Then 𝑃 has the same extension as 𝐴 in some cases (but not others) and the same extension as 𝑆 

in some cases (but not others). However, the intensions of 𝐴, 𝑆, and 𝑃 are all different. 

With that brief explanation of the basic semantics of case-intensional logic, here are some of the ways 

to build expressions out of other expressions. 

Truth-Functional Connectives 
If 𝜙 and 𝜓 are expressions of type ∗, the following are also expressions of type ∗: 

(𝜙 ∧ 𝜓) : meaning 𝜙 AND 𝜓 are true. (Conjunction) 

(𝜙 ∨ 𝜓) : meaning 𝜙 OR 𝜓 is true (or both are true). (Disjunction) 

(𝜙 ⇒ 𝜓) : this means IF 𝜙, THEN 𝜓; it also means 𝜙 ONLY IF 𝜓. (Implication) 

(𝜙 ⇔ 𝜓) : meaning 𝜙 IF AND ONLY IF 𝜓. (Equivalence) 

(¬𝜙) : meaning NOT 𝜙; in other words, meaning 𝜙 is false. (Negation) 

https://www.sciencedirect.com/science/article/pii/S157086830700081X


 Deduction Rules for Case-Intensional Higher-Order Logic 

Matthew Dickau  4 of 11 

The brackets in these expressions are optional. From highest priority to lowest, the order of operations 

for the truth-functional connectives is ¬, ∧, ∨, ⇒, and ⇔. Chains of conjunctions or disjunctions are 

allowed, as these operators are associative. Chains of implications are evaluated so that 𝜙 ⇒ 𝜋 ⇒ 𝜓 

denotes 𝜙 ⇒ (𝜋 ⇒ 𝜓). 

These truth-functional connectives are extensional: their resultant truth value in any case depends only 

on the truth value of the operand propositions in that same case. 

Modal Operators 
If 𝜙 is an expression of type ∗, the following are also expressions of type ∗: 

□𝜙 : meaning NECESSARILY, 𝜙; in other words, 𝜙 is necessarily true or true in every case. 

◊ 𝜙 : meaning POSSIBLY, 𝜙; in other words, 𝜙 is possibly true or true in some case. 

These modal operators are intensional: their resultant truth value depends on the intension of the 

operand proposition, not just its extension. These operators look at the truth values that the proposition 

takes across all cases, not just in the case where the operators are being evaluated. 

Equality and Existence 
If 𝜉 and 𝜒 are expressions of some type 𝛾, the following is an expression of type ∗: 

(𝜉 = 𝜒) : meaning that 𝜉 EQUALS 𝜒; or 𝜉 has the same extension as 𝜒 in the present case. 

E(𝜉) : meaning that 𝜉 EXISTS in the present case. 

The equality here is equality of extensions, not intensions. (Equality of intensions would be □(𝜉 = 𝜒), 

that is, necessary equality.) So, it can be true that 𝜉 = 𝜒 in some cases but not in others; for example, if 

these expressions denote “Aristotle” and “the most famous philosopher.” 

The existence predicate specifies that the expression has a non-null extension in that case. This is 

necessary because the quantifiers in case-intensional logic range over all intensions, even those with a 

null extension in the given case. In other words, the domain of the quantifiers can include non-existent 

entities. 

In CIHOL the equality operator evaluates to true whenever the extensions of the two expressions are the 

same, even if that extension is the null extension. In other words, whenever two expressions refer to 

things that do not exist in some case, those expressions are considered to be equal in that case. 

Quantifiers 
If 𝜙 is an expression of type ∗, and 𝑥 is a variable of some type 𝛾, the following are expressions of type ∗ 

(provided that 𝑥 is not bound in 𝜙): 

(∀𝑥. 𝜙) : meaning FOR ALL 𝑥, 𝜙 is true. (Universal quantification) 

(∃𝑥. 𝜙) : meaning THERE IS SOME 𝑥 for which 𝜙 is true. (Existential quantification) 

A few quick remarks regarding the proviso that 𝑥 is not bound in 𝜙. Variables may be free or bound in 

logical expressions. When forming expressions, care should be taken to avoid creating confusion or 

conflicts between variable names. 
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A free variable is one that hasn’t been bound. The statements in a logical proof generally only have free 

variables if they are contained in certain sub-proofs. Assumptions or the conclusion of a proof generally 

do not contain free variables. 

Variables are bound in binding expressions: these quantifier expressions (which bind the variable 𝑥), 

definite descriptions, and function abstractions. 

A bound variable in an expression can be converted to a different variable without altering the meaning 

of the expression (this is known as alpha conversion). In this way, bound variables are analogous to 

“dummy variables” in summations (using the capital sigma notation) or integrals. 

Now, regarding the semantics of these quantifier expressions. The domain of the quantifiers is all 

intensions, which may include intensions that have the null extension in the present case. This means 

that the quantified variable may range over entities that do not exist. In particular, the existential 

quantifier does not actually mean that something exists which satisfies the stated condition; just that 

there is an intension that makes the condition true. 

For example, the expression ∃𝑥. ¬E(𝑥) (which may be read as “there is something that does not exist) 

can easily be true: just consider the expression 𝐴 that refers to Aristotle in every case where he exists, 

and that has a null extension where he does not exist. In cases where he does not exist, ¬E(𝐴) is true, 

and therefore so is ∃𝑥. ¬E(𝑥). But this should not be taken to imply that something can both exist and 

not exist in the same case. 

If you want to restrict the quantifiers to range only over existing entities, you can use these expressions: 

(∀𝑥. E(𝑥) ⇒ 𝜙) : meaning FOR ALL EXISTING 𝑥, 𝜙 is true. 

(∃𝑥. E(𝑥) ∧ 𝜙) : meaning THERE IS SOME EXISTING 𝑥 for which 𝜙 is true. 

Description 
If 𝜙 is an expression of type ∗, and 𝑥 is a variable of some type 𝛾, the following are expressions of type 𝛾 

(provided that 𝑥 is not bound in 𝜙): 

(𝜄𝑥. 𝜙) : meaning THE 𝑥 for which 𝜙 is true. (Definite description) 

Definite description in CIHOL has some subtleties. The extension of 𝜄𝑥. 𝜙 in a given case is found in the 

following way: 

- If the intensions which make 𝜙 true when assigned to 𝑥 all have the same extension, then 𝜄𝑥. 𝜙 

has that same extension. 

- Otherwise the extension of 𝜄𝑥. 𝜙 is null. 

Then the intension of 𝜄𝑥. 𝜙 is the pattern of these extensions across cases, and in certain contexts it may 

be different from any of the intensions which satisfy 𝜙 in any given case. (This may happen, in particular, 

if the truth of 𝜙 cannot be determined just by knowing the extension of 𝑥.) 

The main point, however, is that definite description in CIHOL allows us to form expressions such as “the 

most famous philosopher,” and they work as expected in many contexts. We only have to be careful 

when the description uses intensional properties and not just extensional properties. 



 Deduction Rules for Case-Intensional Higher-Order Logic 

Matthew Dickau  6 of 11 

Substitution 
If 𝜉 is an expression of any type, 𝑥 is a variable of type 𝛾 that is not bound in 𝜉, and 𝜂 is an expression of 

type 𝛾, then the syntax 𝜉[𝜂/𝑥] denotes the expression (of the same type as 𝜉) where 𝜂 is substituted for 

every occurrence of 𝑥 in 𝜉. 

Substitution is valid provided that it does not result in any conflicts or confusion between variable 

names. Specifically, there cannot be any overlap between the free and bound variables of 𝜉 and 𝜂 (nor 

between the bound variables of 𝜉 and 𝜂 if 𝜂 is being substituted into binding sub-expressions of 𝜉). 

Higher-Order Expressions 
If 𝛼 and 𝛽 are both types in the logic, then the following symbol is also a type: 

(𝛼 → 𝛽) : this is the type of functions from 𝛼-type objects to 𝛽-type objects. 

Here is an example. We have ∗ as the type of propositions (which are just truth values, or in modal 

contexts, patterns of truth values across cases). If for example 𝛾 represents the type of individuals, then 

(𝛾 → ∗) represents the type of functions from individuals to truth values. Therefore, an expression of 

type (𝛾 → ∗) is a predicate, representing a property that individuals may have, or a certain set of 

individuals. 

For another example, expressions of type (𝛾 → 𝛾) refer to functions that take one individual as an input 

and returns another individual as an output. (One such function could be the “father” function, which 

outputs the individual who is the father of the input individual.) 

Higher-order logic allows the use of variables in predicate and other function types in addition to the 

usual variables in the first-order domain (the type of individuals, in this case). This includes 

quantification over higher-order variables. Moreover, in case-intensional logic, the result of a function 

can depend on the intension of the input expression, not only on its extension. (And of course, the result 

of evaluating a function can vary from case to case.) 

Here are ways to form expressions using higher-order types. 

Function Evaluation and Abstraction 
If 𝑓 is an expression of type (𝛼 → 𝛽), 𝜉 is an expression of type 𝛼, then the following is an expression of 

type 𝛽 (provided there is no overlap between the free and bound variables of 𝑓 and 𝜉): 

𝑓(𝜉) : meaning the result of evaluating function 𝑓 at 𝜉. (Function evaluation) 

If 𝜉 is an expression of type 𝛽, and 𝑥 is a variable of type 𝛼, then the following is an expression of type 
(𝛼 → 𝛽) (provided 𝑥 is not bound in 𝜉): 

(𝜆𝑥. 𝜉) : meaning the function which results in 𝜉 when evaluated at 𝑥. (Function abstraction) 

Function abstraction is useful for reasoning about complex properties in a clear and precise way. 
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Deduction Rules 
Now that I have explained the different forms of expressions that we may encounter in the logic, I can 

present the deduction rules that we use in logical proofs. 

Propositional Logic 
Reassertion: 𝜑 ⊢ 𝜑 

Given 𝜑, obviously we can infer 𝜑. (Most would not consider this a true deduction rule, but we can use 

it to assert previous statements inside of sub-proofs.) 

Conjunction Introduction: 𝜋, 𝜑 ⊢ 𝜋 ∧ 𝜑 

Given both 𝜋 and 𝜑, we can infer 𝜋 ∧ 𝜑 (𝜋 AND 𝜑). 

Conjunction Elimination: 

(i) 𝜋 ∧ 𝜑 ⊢ 𝜋 

(ii) 𝜋 ∧ 𝜑 ⊢ 𝜑 

Given 𝜋 ∧ 𝜑, we can infer either of 𝜋 or 𝜑. 

Disjunction Introduction: 

(i) 𝜋 ⊢ 𝜋 ∨ 𝜑 

(ii) 𝜑 ⊢ 𝜋 ∨ 𝜑 

Given either of 𝜋 or 𝜑, we can infer 𝜋 ∨ 𝜑 (𝜋 OR 𝜑, or both). 

Disjunction Elimination: If Γ, 𝜋 ⊢ 𝜓 and Γ, 𝜑 ⊢ 𝜓 then Γ, 𝜋 ∨ 𝜑 ⊢ 𝜓 

Given 𝜋 ∨ 𝜑 and two sub-proofs, one with hypothesis 𝜋 and the other with hypothesis 𝜑, that both 

derive 𝜓, then we can infer 𝜓; where we can bring any preceding statements into the sub-proofs. 

Conditional Introduction: If Γ, 𝜋 ⊢ 𝜑 then Γ ⊢ 𝜋 ⇒ 𝜑 

Given a sub-proof with hypothesis 𝜋 that derives 𝜑, then we can infer 𝜋 ⇒ 𝜑 (IF 𝜋 THEN 𝜑, or 𝜋 ONLY IF 

𝜑); where we can bring any preceding statements into the sub-proof. 

Conditional Elimination: 𝜋, 𝜋 ⇒ 𝜑 ⊢ 𝜑 

Given both 𝜋 and 𝜋 ⇒ 𝜑, we can infer 𝜑. 

Equivalence Introduction: 𝜋 ⇒ 𝜑, 𝜑 ⇒ 𝜋 ⊢ 𝜋 ⇔ 𝜑 

Given both 𝜋 ⇒ 𝜑 and 𝜑 ⇒ 𝜋, we can infer 𝜋 ⇔ 𝜑 (𝜋 IF AND ONLY IF 𝜑). 

Equivalence Elimination: 

(i) 𝜋 ⇔ 𝜑 ⊢ 𝜋 ⇒ 𝜑 

(ii) 𝜋 ⇔ 𝜑 ⊢ 𝜑 ⇒ 𝜋 

Given 𝜋 ⇔ 𝜑, we can infer either of 𝜋 ⇒ 𝜑 or 𝜑 ⇒ 𝜋. 
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Necessary Equivalence Substitution: □(𝜉 ⇔ 𝜂), 𝜙[𝜉/𝜒] ⊢ 𝜙[𝜂/𝜒] 

Given □(𝜉 ⇔ 𝜂) and a statement 𝜙[𝜉/𝜒] which contains 𝜉 as a sub-expression, we can infer the 

statement 𝜙[𝜂/𝜒] where 𝜂 has been substituted for one or more instances of 𝜉. 

In general, mere equivalence (without the necessity operator) does not allow for valid substitutions. 

Contexts where it does are called extensional. 

Proof by Contradiction: If Γ, ¬𝜋 ⊢ 𝜑 and Γ, ¬𝜋 ⊢ ¬𝜑 then Γ ⊢ 𝜋 

Given a sub-proof with hypothesis ¬𝜋 (NOT 𝜋) that derives both 𝜑 and ¬𝜑, then we can infer 𝜋; where 

we can bring any preceding statement into the sub-proof. 

Modal Logic 
Necessity Distribution: If Γ ⊢ 𝜑 then □Γ ⊢ □𝜑 

Given a sub-proof with no hypothesis that derives 𝜑, then we can infer □𝜑; where we can bring 

preceding statements into the sub-proof by removing an initial necessity operator. (If we have a 

preceding statement □𝜋, we can assert the statement 𝜋 in the sub-proof.) 

Possibility Distribution: If Γ, 𝜑 ⊢ 𝜒 then □Γ, ◊ 𝜑 ⊢ ◊ 𝜒 

Given ◊ 𝜑 and a sub-proof with hypothesis 𝜑 that derives 𝜒, then we can infer ◊ 𝜒, where we can bring 

preceding statements into the sub-proof by removing an initial necessity operator. 

Modal Negation: 

(i) ¬ ◊ 𝜑 ⊢ □¬𝜑 

(ii) ◊ ¬𝜑 ⊢ ¬□𝜑 

These rules state that we can move a negation operator through a modal operator by flipping between 

the possibility and necessity operators. (Necessarily true = not possibly not true; possibly true = not 

necessarily not true.) 

Modal Axioms: 

(i) 𝜑 ⊢ ◊ 𝜑 

(ii) ◊ 𝜑 ⊢ □ ◊ 𝜑 

These rules state (i) that if something is true, then it is possibly true, and (ii) that if something is possibly 

true, then it is necessarily the case that it is possibly true. (These are the axioms for S5 modal logic, also 

stating that the accessibility relation between cases is reflexive and Euclidean.) 

Predicate Logic: Equality and Existence 
Equality: 

(i) ⊢ 𝜉 = 𝜉 

(ii) 𝜉 = 𝜂, 𝜉 = 𝜁 ⊢ 𝜂 = 𝜁 
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These rules state (i) that equality is reflexive, and (ii) that equality is a Euclidean relation (also, that it is 

extensional). 

Necessary Equality Substitution: □(𝜉 = 𝜂), 𝜙[𝜉/𝑥] ⊢ 𝜙[𝜂/𝑥] 

Given □(𝜉 = 𝜂) and a statement 𝜙[𝜉/𝑥] which contains 𝜉 as a sub-expression, we can infer the 

statement 𝜙[𝜂/𝑥] where 𝜂 has been substituted for one or more instances of 𝜉. 

In general, mere equality (without the necessity operator) does not allow for valid substitutions. 

Contexts where it does are called extensional. 

Equality and Existence: 

(i) 𝜉 = 𝜂, E(𝜉) ⊢ E(𝜂) 

(ii) ¬E(𝜉), ¬E(𝜂) ⊢ 𝜉 = 𝜂 

These rules state (i) that existence is extensional, and (ii) that non-existent entities are equal. 

Predicate Logic: Quantification 
In these rules, y is a free variable. 

Universal Generalization: If Γ ⊢ 𝜑[𝑦/𝑥] then Γ ⊢ ∀𝑥. 𝜑 (where 𝑦 does not occur in Γ or 𝜑) 

Given a sub-proof with no hypothesis that derives 𝜑[𝑦/𝑥], where 𝑦 does not occur in 𝜑, then we can 

infer ∀𝑥. 𝜑; where we can bring any preceding statement into the sub-proof as long as it does not 

contain an occurrence of 𝑦. 

(If we can prove that 𝜑 is true for 𝑦, no matter what 𝑦 is, then we can infer that 𝜑 is true for everything.) 

Universal Instantiation: ∀𝑥. 𝜑 ⊢ 𝜑[𝜉/𝑥] 

Given ∀𝑥. 𝜑, we can infer 𝜑[𝜉/𝑥]. (If 𝜑 is true for everything, then it is true for 𝜉.) 

Existential Generalization: 𝜑[𝜉/𝑥] ⊢ ∃𝑥. 𝜑 

Given 𝜑[𝜉/𝑥], we can infer ∃𝑥. 𝜑. (If 𝜑 is true for 𝜉, the there is something that makes 𝜑 true.) 

Existential Instantiation: If Γ, 𝜑[𝑦/𝑥] ⊢ 𝜒 then Γ, ∃𝑥. 𝜑 ⊢ 𝜒 (where 𝑦 does not occur in Γ, 𝜑, or 𝜒) 

Given ∃𝑥. 𝜑 and a sub-proof with hypothesis 𝜑[𝑦/𝑥] that derives 𝜒, where 𝑦 does not occur in either of 

𝜑 or 𝜒, then we can infer 𝜒; where we can bring any preceding statement into the sub-proof as long as it 

does not contain an occurrence of 𝑦. 

(If we can prove 𝜒 from the fact that 𝜑 is true for 𝑦, no matter what 𝑦 is, then as long as there is 

something that makes 𝜑 true, we can infer 𝜒.) 

Predicate Logic: Description 
Definite Description: 

(i) ∃𝑥. (𝜑 ∧ ∀𝑦. (𝜑[𝑦/𝑥] ⇒ 𝑦 = 𝑥)) ⊢ ∃𝑦. (𝜑[𝑦/𝑥] ∧ 𝑦 = 𝜄𝑥. 𝜑) 

(ii) ¬∃𝑥. (𝜑 ∧ ∀𝑦. (𝜑[𝑦/𝑥] ⇒ 𝑦 = 𝑥)) ⊢ ¬E(𝜄𝑥. 𝜑) 
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These somewhat complicated-looking rules state that: 

(i) If there is something that makes 𝜑 true and all such things are equal to that thing, then 

there is something that makes 𝜑 true and is equal to “the thing that makes 𝜑 true.” 

(ii) If the antecedent of (i) is not satisfied, then “the thing that makes 𝜑 true” does not exist. 

(Either because there is not anything that makes 𝜑 true; or because there are more than 

one such things which are not equal to each other, so we cannot uniquely select one.) 

If the proposition 𝜑 is extensional, so that 𝑦 = 𝑥, 𝜑 ⊢ 𝜑[𝑦/𝑥], then from the antecedent of (i) we can 

more directly infer the statement 𝜑[(𝜄𝑦. 𝜑[𝑦/𝑥])/𝑥]. (This can be read as: “the thing that makes 𝜑 true” 

makes 𝜑 true.) 

Predicate Logic: Functions 
Beta Conversion: ⊢ (𝜆𝑥. 𝜉)(𝜂) = 𝜉[𝜂/𝑥] 

This rule states that the function which results in 𝜉 when evaluated at 𝑥, evaluated at 𝜂, equals 𝜉[𝜂/𝑥]. 

Eta Conversion: ⊢ 𝜆𝑥. 𝑓(𝑥) = 𝑓 

This rule states that the function which results in 𝑓(𝑥) when evaluated at 𝑥, equals 𝑓. 

Extensional and Absolute Properties 
In case-intensional logic we can highlight two useful and very different kinds of properties. These are 

extensional properties and absolute properties. 

Extensional properties cover the kind of properties that normally come to mind when we think of 

properties (especially in non-modal logics). They are properties 𝑃 satisfying the rule that if 𝑥 = 𝑦 and 𝑥 

is 𝑃, then 𝑦 is 𝑃. (If the boy’s favourite toy = the wagon, and the wagon is red, then the boy’s favourite 

toy is red.) 

If it sounds to you like all properties must satisfy this rule because of the meaning of equality, recall that 

in case-intensional logic, 𝑥 = 𝑦 just says that 𝑥 and 𝑦 have the same extension, not necessarily the same 

intension. (Maybe in another case, the boy’s favourite toy is the hammer instead. “The boy’s favourite 

toy” and “the wagon” represent different intensions.) 

𝐸𝑥𝑡𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 =df 𝜆𝑃. □∀𝑥. ∀𝑦. 𝑥 = 𝑦 ⇒ 𝑃(𝑥) ⇒ 𝑃(𝑦) 

Something else that we often attribute to many of the everyday properties that we think about (being 

red-coloured, being five feet tall, etc.) is that they are existence-implying: something cannot be red or be 

five-feet tall unless it actually exists. (We can imagine things that would be red if they did exist, but not 

things that are red while not existing.) 

𝐸𝑥𝑖𝑠𝑡𝐼𝑚𝑝𝑙 =df 𝜆𝑃. □∀𝑥. 𝑃(𝑥) ⇒ E(𝑥) 

Combining the above two properties of properties, we say a quality is property which is both existence-

implying and extensional. 

𝑄𝑢𝑎𝑙𝑖𝑡𝑦 =df 𝜆𝑃. 𝐸𝑥𝑖𝑠𝑡𝐼𝑚𝑝𝑙(𝑃) ∧ 𝐸𝑥𝑡𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙(𝑃) 
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Now, in case-intensional logic there is another important class of properties in addition to qualities, 

called absolute properties. These properties can be used to indicate, not the qualities or attributes that a 

thing has, but the kind of thing that it is. Philosophers sometimes call these sortal properties. 

Absolute properties are defined as properties which are modally constant and modally separated. Modal 

constancy means that, if the property applies to an intension in one case, then it applies to that 

intension in every case. 

𝑀𝐶𝑜𝑛𝑠𝑡 =df 𝜆𝑃. □∀𝑥. 𝑃(𝑥) ⇒ □𝑃(𝑥) 

Modal separation means that, if in some case two intensions both have the property, then if they have 

the same (non-null) extension in any case, this implies that they are really the same intension. That is, 

whenever two things have a modally separated property, if they are equal in any case where they exist, 

then they are equal in every case. 

𝑀𝑆𝑒𝑝 =df 𝜆𝑃. □∀𝑥. ∀𝑦. 𝑃(𝑥) ∧ 𝑃(𝑦) ⇒ (E(𝑥) ∧ E(𝑦) ∧ 𝑥 = 𝑦) ⇒ □(𝑥 = 𝑦) 

An absolute property, then, is one which satisfies the conjunction of these two conditions. 

𝐴𝑏𝑠𝑜𝑙𝑢𝑡𝑒 =df 𝜆𝑃. 𝑀𝐶𝑜𝑛𝑠𝑡(𝑃) ∧ 𝑀𝑆𝑒𝑝(𝑃) 

So, what is so special about absolute properties? We can use them to trace individuals between cases, 

allowing us to clearly express some subtle modal concepts (such as the de re/de facto distinction). Here 

is an example to show how this works. 

Suppose we have a certain intension, Aristotle, which has the absolute property of being Human. 

Because the absolute property Human is modally constant, Aristotle is a Human in every case. And 

because it is modally separated, the only Human identical to Aristotle in any case is Aristotle. Therefore, 

we know that this intension invariably refers to the same individual human being (namely, Aristotle) in 

every case. 

This is in contrast to an intension like the most famous philosopher, which may refer to Aristotle in some 

cases but not in others. This intension would not have the absolute property of being an individual 

human, though it can be given a related quality. 

We can form a related property (call it Humanity) out of the absolute property Human as follows:  

𝐻𝑢𝑚𝑎𝑛𝑖𝑡𝑦 =df 𝜆𝑥. E(𝑥) ∧ ∃𝑦. 𝑦 = 𝑥 ∧ 𝐻𝑢𝑚𝑎𝑛(𝑦) 

Then Humanity is extensional and existence-implying, so it satisfies our definition of a quality. The 

absoluteness of Human means that in any given case, for any intension which has Humanity, there is a 

unique intension which is a Human and which shares the extension of the first intension in that case. 

Belnap and Müller go into more detail, but that is the gist of how absolute properties are used to trace 

individuals between cases. 

And that concludes my little introduction to case-intensional logic. As I hope you can see, it is a powerful 

and natural way of combining modal and predicate logic, and I believe there is a lot to be gained from 

studying it. 

http://philsci-archive.pitt.edu/9375/

	Deduction Rules for Case-Intensional Higher-Order Logic
	Logical Proofs
	Logical Expressions
	Truth-Functional Connectives
	Modal Operators
	Equality and Existence
	Quantifiers
	Description
	Substitution

	Higher-Order Expressions
	Function Evaluation and Abstraction

	Deduction Rules
	Propositional Logic
	Modal Logic
	Predicate Logic: Equality and Existence
	Predicate Logic: Quantification
	Predicate Logic: Description
	Predicate Logic: Functions

	Extensional and Absolute Properties

